University of Graz Dipl.-Ing. Andreas Habring

=M Institute of Mathematics and Scientific Computing andreas.habring@uni-graz.at
L] °
Analysis 3 - Exercise Sheet 13
Publication date: January 25, 2023 Due date: February 1, 2023

Theoretical preliminaries: Let G C R a bounded, open set and F : G — R%, f: G—R continuously
differentiable with G open and G C G. We denote

d
divF = Z Dy, Fi,
=1

d
Af=> 0 f
=1

Further v(x) denotes the unit normal vector on G in = € G which points outside of G. We denote the
surface measure for integration on the boundary of G as o.
Gauss’ theorem It holds true that

/G div(F) d(z,y) = / (F,v) do.

oG

Exercise 12.1 (20 pts) Show that

/€7Z2 dz =/
R

by computing
/67<x2+y2) d(z,y).
R2

Hint: Polar coordinates.

Exercise 12.2 (20 pts) Compute the surface volume of a general torus with 0 < < R by integrating the
function f = 1 over the surface.

Exercise 12.3 (20 pts) Let G C R‘i a bounded, open set and F : G—RY fg:G—R, ftwice and F, g
once continuously differentiable with G open and G C G. Use Gauss’ theorem to prove that

)
a /G<Vf,F> dx:/aG<fF,y> da_/GfdiVFdx'

/G_Afg:/G<Vf,Vg>—/6Gg<Vf,V> o.

We prove a version of Gauss’ theorem Obviously, do not use Gauss’ theorem in the following.

Let a < 0, b > 1 and f : (a,b) — (0,00) be a strictly increasing diffeomorphism. Denote the set G =
{(z,y) |z €(0,1), 0 <y < f(x)}. Let F = (Fy, Fy) be a continuously differentiable vector field defined in a
neighborhood of G. We will show together that

/GdiV(F) d(z,y) :/ (F,n) ds.

oG

b)

Analysis 3 - Exercise Sheet 13 page 1 of 2



University of Graz Dr. Silvio Fanzon
=M Institute for Mathematics and Scientific Computing silvio.fanzon@uni-graz.at

Exercise 12.4 (20 pts) Denoting o = f(0), 8 = f(1), use the fundamental theorem of calculus to show
that

/divF d(z,y) =
. ' 5 o e (1)
/0 —Fy(z,0) da + / Fy(, f(z)) de + / Fi(Ly) dy+ / ~Fy(0,y) dy + / Rz, f(@)f () de

Exercise 12.5 (20 pts) Compute the line integral [, (VF,n) ds by dividing it into 4 segments {(z,y) €
0G|z =0, y€0,a)} {(z,y) € G|z =1, ye (0,8)} {(z,y) € G | z € (0,1), y = 0}, {(z,y) €
0G | x € (0,1), y = f(x)} to show that it agrees with the above from 12.4. Why can we neglect the corners
(z,y) = (0,0), (z,y) = (1,0), ete.
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