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‘ Remark: The following exercise addresses a question that a few of you asked in the previous class. Enjoy!

Exercise 3.1 (25 pts)

(a) Suppose that z = 0 is a local minimizer for a given function F': R™ — R. Let v € R\ {0} and consider
the restriction of F' along the line of direction v, that is, the function g,(t) := F(tv) for t € R. Prove
that ¢ = 0 is a local minimizer for g,.

(b) We now show that the converse of point (a) does not hold, even if F' is smooth. To this end, consider
the function F: R? — R defined by

F(z,y) = (y — 2°)(y — 227).
Prove the following statements:

(i) (0,0) is the only critical point of F.
(ii) The Hessian of F' vanishes in (0,0).

(iii) Consider the restriction of F' along the lines through the origin:

(2) = F(z,mz) if meR,
I =AR0,0) it m=oo.

Show that for all m € RU {oo} the point = 0 is a local minimizer for g,,.
(iv) Show that (0,0) is a saddle point for F.

Hint: To understand what is happening, it might be helpful to draw the sets in R? where F is
positive, negative and zero.

Implicit Function: Let A C R? be open, and F': A — R. Define the set
Z :={(z,y) € A: F(z,y) =0}.

Assume (zg,yo) € Z, i.e., F(xo,yo) = 0. We say that the equation F = 0 defines an implicit function
y = f(x) at the point (x,yo) if the set Z coincides with the graph of f around (xg,yo), that is, if there
exist €,0 > 0 and f: I.(xo) — Is(yo), with I.(xo) := [xo — €, z0 + €], Is(yo) := [yo — J,yo + J] such that

{(@,y) € L(wo) x Is(yo) : F(z,y) = 0} = {(x, f(z)) : @ € L(x0)} -

Clearly, we say that F' = 0 defines an implicit function = f(y) at the point (xg,yo) if the set Z coincides
with the graph of f around (zo,yo)
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Implicit Function Theorem: Let A C R? be open, and F: A — R with FF € C'(A). Assume there
exists a point (zg,yo) € A such that

F($07y0>:07 Fy(w07y0)7é0
Then there exist £, > 0 and a unique implicit function f: I.(z¢) — Is(yo), i-e., f satisfies f(zo) = yo and
F(z, f(z)) =0, forall ze€ I.(z).

Moreover f € C'(I.(z0),I5(yo)) and

Clearly, the analogous statement holds if

F(zo,9) =0, Fy(zo,%) #0,

and in this case F' = 0 defines an implicit function z = f(y).

Tangent line to a set: Let A C R? be open, and F: A — R with F' € C'(A). Define the set
Z :={(z,y) € A: F(z,y) =0}.

Suppose that the point (z¢,yo) € Z is such that either F,(xo,yo) # 0 or Fy(zo,%0) # 0. Then the equation
of the tangent line to Z at (x,yo) is given by

Fy(z0,90) (v — x0) + Fy(z0,%0) (y — y0) = 0.

Exercise 3.2 (25 pts) Let F': R? — R be defined by
F(x,y) =23 + 9% — 3zy.
Find the points (z¢,yo) € R? such that F = 0 defines implicitly a map y = f(z).

Exercise 3.3 (25 pts) Let F': R? — R be defined by
F(x,y) = 2y + 42y — 32" + = + 6y.

Prove that the equation F' = 0 defines an implicit function y = f(x) for all (x¢,yo) € R2.

Exercise 3.4 (25 pts) Let F: R> — R be defined by
F(x,y) =23 + 93 — 4%y + 2.
(a) Show that the equation F' = 0 defines an implicit function y = f(z) around the point (1,1).
(b) Compute f'(1).
(c) Compute the equation of the line tangent to the set
Z={(w,y) €R?: F(z,y) =0}
at the point (1,1).
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