LESSON 414
A6 JUNE 2024

EXTERSION BY ReLAXATION : Congx case

SQAHV\OQ 2 ()’2) OL) meTtric N Xc 9( am‘ ¢ XAE .
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ExArPE X = L7(a)b) X = Ta,b] , F:X>E by
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Fro=§ it dx ,  NaueXx.
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TN GEdeRAL We waut o CompyTe axomon Far F: c? [m,b]-—’»lﬁ

b
Fld = | wea) dy | VR ar | =)
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Undel some asSumpTiong the redaxaxion of F i LF(a,b) e Ziven by
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400 othecwise i L7 (a,b)
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(LS) QA‘W\&J? {:\(Mn) < ﬁ(“l)
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V) > 13 +TeR
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1
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F #F
Ta foa | lex
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T ok xe [0,47]

Then F&) = w0 s g W (-1, Bt F(d)- |3 .
Tn Yis wx F s fmte an  +he Sp~ce BN (-4,4),



EXAHPLE  Cowsider the fndhonal, o EXArPLE 9.8 :

b
F:c'lab) >R Flu):= &% A 4 sin (uf) dx

We con witte F= G+H with
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Gl = § Wardx, 3w 3T R = | sielu®) dx

Y s condex oand Sabisfes +he er‘rk al§um ption of THEOREN 40 .44
with P:'L/ A':'l/ Q>=O, Thecefore 'Hw_ relaxoXion oc G in LFL(OH‘:») S

b
(a3 we W (a,0)
G(u) =
+ 0 o+he/wig(
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F- G+H
5\!\0\/&“& “"\QT
b
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1§ Hhe reoevation of F Ll(O.,b) , 08 onTicipedtsl in  EXARPLE 9.8.



EXTERSION BY RELAXATION : Nod — CoNvEx CASE

Wo wait 4o 6(,1\3(0.1}'-};(_ THEoreH 40.42 +4o NON- Copiek Lo.émua\'aus_

DEFINTMOR 40.20 ( Colvex ENVELOPE )

lok W:R >R . The CoNVEX ENVELoPE of Y is e ap w*¥ . RaR

YH) = sp | 900 | giRSR IS comiex , g¢¥ i Q]
PROPOSITION 10.24 (PRoPERTIES OF W*) y
leb YR =>R. Thn Uy

@D U™ i comiex
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Y (x) = Sop{ Wmx +9 \ My € Wlg) 43€R§
e Y* s the sprumim of oMl Limes  below the 3reph of W,
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(Proof is omitred, . Tt s Smmlar +to Jhe ?(oo{i o THesRer 40.49 )
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:‘:(M) =

h +% otherwise i 4(a,L)
\ / IR
, ¥ G) =

¢ 13 ¢4




14. GMAAR - CoNNERGERNCE

DEFIN|TION 44.4 ( M- CoN\IERCTENCE)

— m
(X,CL) meTCIC Spnte {:n)le: X =L we So‘} +haT™ {nqp ,
I—"-'COnuc(cfSes, o
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@ (P' l;MSu’D ‘\V\f_@‘ua(;\’B) \L X € X = X, > X Such 'HpaT
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EHale °F @ od @ \no&l) then  the 'QJMSUP in @ is chuaué o lmd,

NoTATION The Sequences ’1><,‘$ Sa’ITSFaig @ are  Colleal
RecoveERY SEQUENCES

RELATIONSHIP WITH PoINTWISE CONNERGENCT

PRoPos(Tiod 44.2 (X, ) metric Spece X l?K Defne
Jt\-v.:J’ ; dneiN . Then

b F



Pf‘oo(’ @ l"- &!Wl‘m" iV\QOldaUJ\"a B Lf,b Xn —> X . Th(,"b
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<.
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< '&M‘(m{’ L()(V\_) = ‘e*.m‘lb’\](\’ ":h(xn>
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fu=F

@r'oe,[rmgp ;V\Eoldalﬂ}'- leb xe X . Vpa LEHHA 40.8 2 X, x <.t

C(x) = Gim &£ (%o )

N> oo

As “'V\EY' We CDV\L‘\)C‘.Q. 0

)

REMAR K PROPOS(TION 44.2 ‘wx«fl\'ts that T’-comuau\oa s noT  celodled
P48 theuw

o ?e'\vﬂ'w'\SQ ConVe(éU\Oe, o TIndeed, f f£.=F

Vi

o \:n"”“" Poin“"wiSc but Fn;é F (.LCCQUS( F- [,(vw:‘l" 'S Uw;a)w_)
. {'“ Eaf bot £ 7‘)? Fo'm"l'uiSQ (Lecawse fa?n-}-wise lmt 1S UwfquL)

Houud, onde(  oddibional o-swmf'ﬁons) um ot Comy. iom plies M- coni.

PRoposimon 14.3 (X, d) wmetric Space 'y )F: X> R . Su,:,aose.ﬁ

CL) tn> um?(—a(m\\a on c,orw\Po.& &S of X
@) Fiw o Lse.

TL\CV\_ {\'y\i F .
(ProoF Wil be left o8 an  exeruse )



STARILTY PROPERTIES

We oW nestisote  Stobili coperTies of 1w comv. WRT conTiwow perturbaliont .
A peep P

PRoPos(Tion 14.4 Stobility )

(X,al/) metric gpece F,,,F: X >R s.+ {ln-gﬁ_ Assume 2;X—~.ul

'S continuods. Then

r
bty — Feg

(P(ooﬁ IS Conseqqence &  PPoposiTiod  44.5 below )
A S{mFLe 3enecalizoXion of +the above i3 +he wa{n&.
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(\) %n-# 3 UM;FQ(MLS, on c,om,')a.cI,' §eIS of_ X

/
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M-timiof  and [ Qimsup

As usval with  Uomits | -H\eg don' £ almés exist.  Foc thit recson one
Wntcoduces  moHons of M= bminf and - himsup .

periTion 4.6 (X,d) metric Space i X >R . We debine

M- Gmiak 60 () = inb 4 Gminf $alxa) | Ax$EX, x> xf

N> {oo N> goo

M- Gimsop b ()= iab 4 Qimsip Bale) | Ava¥ex  xoox |
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RoposiTiod #4.3 (X, d ) metvic space, G X =& . Tha [-Limef £,
ond - Um«su? fn alwmas exist  and Sq]‘f&@a

M- Giminf €1 () ¢ - (’jmsd? £ () , +xe X,
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Hoceover Q’q\ E) ¢ for Some £: X o lE- & owd Dhlé F

® - Gmink €1 () = - ?.imsd? £n (&) , N xe X,

N 400 N> 490

iriof— The Crst ?o\rt' of He stalement s Arivial . SUFPQSQ now Hed b [;Q
Let %4 =>x. Thew "»'3 He  I'- Gmink ineo‘ood;ﬁ}

‘C".X) ¢ LiminE Falx,)
N> oo
owd o, +Q\Liv2 He Wb fx all x, - x Yredds
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On the othec hand +He - Umcaf 3w(a]ual}+3 Say S tee 3 %, x <t

Qimsp fa(x,) ¢ &(x)

NS £

@3 deb. of r'-\)mw? we T
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, A xe X

Theceboe feom (D-(D  we infec

L Um&;fa £ (&) < M- limink & &)
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, A+ xe X
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As He othec fnquad)i’g was dre«éé ploven in  the Flest poct of the
stotewmeat , we conchode (& .

Conversely | assume (%) ond set

®
F(xy:= IM- eiminp (:,\ (X) = [ eiju? (:,\ (x)
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We wak +e prove thal an’{: So we weed to chek  T-bwminf owd  [-hmiop
‘\V\Q,D\\)O\”‘\‘;(S'.

o D-limjub ir\eo\'. Lt X,>x . Then
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M A f N> 400 f
dof of M-Gimink Gy def of L



- T-Umsep ineq: Leb xe X. Sine @) holels | ove con show X thecy
theee 3 b st
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