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LSC ENNELOPE

NOTATION Th +he Po“ow-’g We Awmste He extended real nswmbers ‘92

R:i=Rulte]}

DEFNIToN 10.4 (X, d ) wetac space X >R . We sag Haa § s

[oweR SeHiconTINuows (LS¢) aX %, e X F

Xy > Yo i ()(’aL) = f(x) ¢ Zmaf £(x,)

N> 400

PROPOSIT(ON 40.2 ()(,al) WeTriC Space . \:fX—)@. Tl'\eé ae ec‘qukgﬂ'-.
@ £ [ Sc
@) Tocam xex # Wolls epi £
f(x) ¢ &min{' ‘;(33
8> x
B The ep‘(éra-pk f ¢
epi b= { Gy e Xar |y )

(S closed, m XxIR.

@ For athk M elR  the soblevel

Ixex | ) em ]

(¢ closed In X.
(s X ( {7(0& S 69.82, ; Lat DM'F*I’LC{)



PROPOSITION 10.3 (SuP of Lsc s LS¢)

—

(X,o‘ ) neTric  Cpoce ; T D-(L]‘Hwa sk oF indices g j‘:i X > R
boc ot teT. Then F: X—*ﬁ defned ‘93

Flx):= sop { £i60) | leT }
is LSC.
Prock  Let x> %, ' X.  Thea

-Q,«'vn\n(' F(x,) > QXM\V\(’ Eilxn) > {Z;(xo)

W 5 eod ‘r N> 400 \
As F is defined As £l is LSc¢
ag +he Sypeemotm

Tak(vz +he spremom Be e T ollows Yo conclode .

REHARK let £ xR be o '[-auu}l} of CoNTINDoUS fun@lans  £o¢ 1}
Then

@ —‘\—(x)” SJP ;F\(X) \ XeX}

S in aenequ ovﬂa [sC.

Lsc

€ T

For eme(e Cond ec f—v\ as in the PIcITaQ . Cleaxlé £ debned Laé_

@ XY Vli_ Continuous.,

7
- ' 4 - o ;
: ‘ /‘ -\:(x\—{i it x>4
" 1 : > —i >

o f x=4



DeEFNiTioN 40.4 (x,d)

metric SPeLe 5 L. )(-a\E. o Suncrion.
The LSC ENVELoPE of & iy 4he fnGian

L: X
de(—;ne_:\ Ea, :

A

F(x):= Sd?{g(x) | 3:X->(E is Lsc , js?— onx}

REnARIC @ The LSc BGAVELoPE 15 woh- defined | since we con “*“’“21 S conSider
33 -0 . They the dass in whidh we elte the Sp TS Mon -ewpty.
A
@ The LSC envedope F ois Lsc (lag PRo PosiTioN 10.3)
NoTe The LSC QdeoP(_ 1S not STFQX&\\TF\:(’waLL to CDm?ch. For this reeson we
mtrodue o Wece pradlicak vetion of envelope ((called RELAXATION ) . Eventoally
We will prove Hal the +wo wnstont comncide.
RELAxXATION

DEFINTON 40.5 (X, d)

meTric Spate £ X—‘é o funclion .

The RELAXATION of £ is e bmcaTon §:Xom
defined lota,
® FO) s b Gk FO0) | dxY €X, x o)
N> 400

WARNING The reloxation in (9 IS NOT equivaledt +o

E(%) + Qimink "\'(2)
8 X

This is becaote +he obove [t does not ollow to tolke Y=x

wWheceas in (2) we Can toke X,z X.



For examp\t ) Consider X=R  and -F:IR%IQ_ defined Lg'

4 B
F(x):= { Foxto N
o f x=0

Then e redoxoTion is ¥(x)?—_-96<) ) | 8

Howevel

Lim P(g,) = 4
3~o

GOAL  We aim Yo pcote  thal LSC ENVELOPE oand RELAXATION coincide .

[EnA 40.6 (X,al) Wetric Spa-a.,) FoXo> o foncxion.  Then

’J—Xé)(,-\l'(">o) ’J'avo) Sgex S 4.

ol(,(,}') £¢ ond Jl(a) < T:’(x) +€

Proot Fix xeX , €0 ond E€¥o. B} de('in}h’on of RedexoXion ond
of infimom 3 Ix, b e X s+

O, Xp 5% owd Limink $0x,) ¢ £x) + £

N> too

@2, the. F(oPc(‘ﬁeS ot lmpt 2 a Sulose_a,ucnu {any 5-+.

Limof Hx,) = &im (’("n,&)

N> 550 -3 420



Fom ) we %,ejr

Xy, 2% and  Lm $0x) € $60+5,
k> 400

TheceFore 3 I Nen &oH—ic;urHA lwg( sech thal

ok ( x BT B(x,) ¢ §(<) +¢ .

N )

Sefing Y= xy gields the thesis =

DEFINITION 40.3 (RECoVERY SEQUENE)

(X,d) metric Spate E: X—»\E, We _Sqa thax )1x,,5 € X s o ReCoveRY

Sgauence For £ ot xe X fF

>x  ond -E(x) = &m  £(x.)

N> 400

X

n

LERHA 40. & (X,ol) metric space , F: X>R . TFor alh xeX +her exists

a RQCove.ré Sea)uu\cc 1x,,$ <X,

Proof Use Lennh 40.6  wih £=4/n) (='1/,l o Find 3'”6)( s .

dlx,q.) ¢ = £y,) < 00 + £ $neN .

h ) 7

Thece Fore ‘%o > X and

@ «&'w\suf ‘F(un) < &W]SUF -‘(:_(X) + % = 'E(x) :

A= oo N g0



On +he other hand -
def o

i(x) - knf*{@fm]n@ £(x,) ( {x.Yc X , 7‘4"X‘>-

N> g o

®
Kg{nu gn—'»x) =+ E &'zminF F(gn) £ Qfmsu? P(gn’) < B(x)

N> foo N 600

s\nou:mé Har E(X) = Qim @(gn), Thus '{3,,9 is Recoveta Sequence for T axx. p

N> 00

ProPoSTioN 40.9 ( E"IU}‘“\]U\CC of LSc enveloPe On')c‘ QEI/A'MWOI\‘)

(X, 0‘) metric Sfd-l‘—t_, [’i X —’@ ‘(:ur\oTl':n, We hawe
A A
@ € s Lsc ad  FO) < FG) o xeX,
@ Fis tsc ad F&) € FG) ¥xeX,
- A
G f=Ff(x, FxeXx,
Pﬁ @ ﬁ s the Suff‘(muw\ of | Sc Funciions . hence 1+ a6 LSe 'odL, PRoP 10.3.
i 7

he {v\calua.b+a s doviouy La debnition of E

@ We Fiest show  the ingquality « Comsider +he sequence  Xa=x. Thea

de
= .
Foom ink { iminf B0x) | A9 ex, xax )
& mink L()T,.) = £(x).
Nn-= oo t
¥n = X



We show +ha T is LSc. So GX xox, be ocbitrary. We wad to peow

{'(Ko)é Qimink Flx,) |

A-> Lo

’&V\Gﬂ °?P(3 LEAHA 40.¢ with X =k r=4/n, 2‘14/" +o Bnd g,,ex s,

&) DL(H,;‘,L.\)‘% } P(g,,)fi(m)%—% , ¥aeN

Sine %y > %o the KT Cordition iwmplies 9, > xo . Theefece

=

del of ¢

F(x.) -l-/ ink { Gwinf H(22) | {zd e X 20 Yo f

-

® =
(As %n—»xo> —> ¢ Qminb -‘(3,,) £ Bomnb LL(&)+%]

N> 400 N> foo

Liminf I:(Xn) + Zimaf % = Lmid§ E(x,,) )

Na 40a N> £oe N Lo

IN

(Pﬁ:geﬁz of QimMP)

&lnaw]wé Har € s LScC.

- E(X) z F(K) : [t Kn => X be O:rloi'i‘ra.ra. Thew LJ @
Umnf £(xa) 7 limnb  FGa) = €(0)
N> 40 N> (oo ‘
sz".: 3 a L5C

Tah‘.m; the inFmorn for at Sequences Akt EX S+ Kas x L e ckazn
Fhe  4hesis |



A — —

v BE) 2 EE) 2 b s e ad fef by @, 4
def of E A § s CompXitol
/ y

ﬁ(&): SoP { %(;&) ‘ gx—-)E 5 3 LS 3 ZS'F on X} Z F(X)

NDTG I ‘I’h& ‘:o\low 3/\& E anck Q wi(l LL USC;\ :f\'\'QCC"\«yBCe\Hy ; olefem\ng_
on W 8 the msT ComvenienT.

RELATIONSHIP BeTweeN &/mia £ AND €/ mia €

The wnext Fcapog.h'm Shows ul«g RELAXATION ond LSC ENVELSFE  ar  useful .

PKOPOS\T\OIJ 40.40 (X,A/) wetric Sfo'["/ {;: X = .tE fincTin Ther\,

o B o 5P Efn) = GE Eia)
Xe X xeX xeX

—

Proot  Since ('=$ ‘og PRoPosiTiod 104 we onla, need +o show He BT
Ca\dali\-a.

P -ﬂn’s S Ofear) §ince FZP \xa YRoros(Tiod 40.9

Lel: {Ynx ’pc an inﬁm{ut.‘ua seciuencf Yo (: I.e

) 7

IN




E(X.ﬂ — nf f(x)

XeX

¢ = 4/7\

)

Eor ol neiN arf(g LENMA 40.6  with X=%,, =4
igﬂﬂﬁ X <.+

@ d(Yn,gn)</1 Omol ‘Q('én)é E(xn)-}»';il-

Tk{'n {Yns s ;hFZNn]Dc{r\S SE(XA)} 18 Cd"l"(fda;r

_ _ =
iﬂ(’ {'(x) = &m "(X.,,) = &‘vninF ‘F(Xn)

xe X N> 4oe N> io0

-

(ke 2 50) = = Limaf F(X"H %]

N> 4o
® .
> a&‘m(n@ Q(gn) Z mF (’(K)
N> foo T xe X
deF o{' mF

,So‘H\aTﬂ

4 nen

WARN N & The stalemenT of PROPOS(TION 4o. 4o On(g Loeds on the whole X,

Tn a&ne(ak ome hos

wf $G) > b FG)

XeA XeA

fer AC X,

For eme\a conyider X =B. and

4 iF xso
t(x):=

o F  x<o




ual

For A= [0, +9°) we have

b E6) = 4 b ) = 0

Xeh Xeh

However the 4hesis of PRoPosmON 10.40 hds when A is apen :

PRoposiTioN 40.44 ()(,Az) wmetric spoce F: x> R Emcm'an, Acx open. Then

ob M) = af P = iaf B(w)

Xc A xeh Xeh

Proot  Since (t=-€ ‘99 PRoPosiTiod 0.4 | we onlé need 4o show He BT

Ca\daU‘\’é.
2] This is clear, since FrP by PRoposmod 40.9
S| Let {Y,,% be an inﬁm{(%.‘g sequence o0 ¥ owc A, e, {x, }CA and

TT:(Y.A — nf -f(x)

Xe A

Since A S open Yoen , 3 r,s0 st B(m(xn) c A .

)



For all he"\! &rf(z LENMA 40.6 with X =%, r=i% o B 47?\ , So +hat 3
{‘3,\\ c X <.t

® d(xn,gn)<f‘n omd Q(‘én)é E(xn)+:i—1-

The Ficst condition tells vs +hal Y, € B, (%) , so Hhar {ghcA. Tha

{Yns s ;hFZM}%{ng ;.‘E(Xn)} 1S decrdaﬁ'
— - _
iﬂ@ f’(*) = &VM '(' (xm) = ‘&\minp ‘F(xn )
Xe N N> 4os N> 4oo

—

(hs & 50) —= = Liminf F(x,,n ﬂ

N> fno
@ .
> Bmnf Q(jn) > nf (&)
N> fo0 T Xe P
def of inf , Since )1‘3,\9 c A O

Now recal +he SeFnition of CoERC |VE Function (DEFH\“T(OIJ “-5)

DEFINITION X Spece  with noton of Comvecgeuce . A mop £ X>R i CoeecvE
I(— 3 KeX com\FacZ(— <. 4.

b G = b FGO

xe X Xxe k

Foc coercie funclions oa  auelric spece, the I—alkam'g_ holds :



ProposiTion 20.42 (X, d) mefric spoce, §: X R coeRewe . Then F

odm¥s miimmdw ovel X ond

ot Hx) < miwn F(x)

Xe X xe X

WARNING PRoP 40.42 i Saging Hor iF £ s corang then Ahe minmum o £
exists OlV\fJ s eﬂldﬂnb o the infmawm 9{’ ‘F :
Tr is NOT &o.ainé tholm £ admits minimam. Ths & false in Seneral .

ProoF As | Coeraive | Ee X Compolt s+,

nf $x) = oF fx).

xe X Xek

Bg proPosiTioN 40.9  we  have thar f IS [SC. As £ is compad, Feom

THeorREN 4.4 (orECT HETHOD) we howe +hor € odmifs miaimiwm on k, i.e.)

® b F6) = mn £l

Xek xek

—

We CLAM tHoa  F odwits minimom over X with

Vi

@ min 1—‘3-64) = Mmn {—:-(x)

xe X X ek
Let \3&)( be o\r[o'l‘f"(o\(j, 5 and ek H,,S C X be o PECOVERY STouEN(E
for £ o g (whch 3 by 1A 20.8) | e

)

E(‘é—) = Gim '“3,,.)

N> (o0



chouré Def of inf Coerciv'\’r«a o L

_ !
F(%,);/@im 4:(3,,) >/‘/ Wb £ = Wk F6)

N> (o0 xe X xe k

(F?F 3 )) inf I(x) :O nin i(x)

PRoP 40.9
ofP 40 ek Xek

Since Y wo-§ o\r‘oi‘l'(o.ra , we 301‘

e Bt = s B

x€ X Xek

The veverse (n(olud/({—a (s o‘oviousl s kX We oncde @

e F(X) = Jaf E(x) = mn f(x)
xeX f xeX f xe X
PRop 40.40 @

PRopo S(TIod 40.43 ( Pehovior of (lr)Ffaw]‘,\,—]rg Saquenoz.s)

(Y,J,) metric Spece F'-X»E, guffom Har »{x,,&f:x i <+

TheteSoce

Xp = %o and Exn) = inf Flx) (ie. Ax) ‘.V\ani?,—{wé foc £)

Xe X

Then Xo (S o winiwizer For ¢ ).e .

) )

Flx) = ik Flx

xe X



Proof wf E(K) < E(Xo) < QXMMF F(Xn) = fim Q’(ﬂn)

Xex f N> oo x N> 10

CJQ(’ Q(’ MP &@'F CSP L& C(/NLPQ?Q, (23N ‘F(Xn) Cond(é}evﬂ_

Q‘S Xn =» XO

= b 5x) = Wk f > Xo € acgmin E(")
7 xex X €K xe X

mSSumFT;:ﬂ

T
PRopP 40. 40

CoRoLLARY 40-14 (Y,d) weT e Space ¢ XAIE X Asume thar 3 H>o

and e X compsd sk,

E”{XGX | fe)<M Y %% and ”:"c‘k -
Th Axay X g5 mbimang b £, e,

) = WfF $6x)

xe X

thew 3 suﬁo$c=wenu and xoeX s4.

Xh"_» Xo and X% € agwin P(x) .
xe X

Proof  Since k—+9‘ ) t wmeaus thatt T < M,  where Ti= (n(:)\'-F(x) \xeX),
As £(xy) > T  we +Hen conclude Horr I NenN st

/7

x,‘eE +ny N

/]

AS EE‘:‘L O\V\J \E. BN Com?o{,T ) —H\ew 3 x,,el’- am:l e .w1=>$quence S--l—‘

Xo —>%g . We thew conclode Com PRoP 20.43  since At b TS

e
an in‘—im(\'ﬁ% Stauence for .



COHPOTING THE RELAXATION

We will see 2 S‘\'roa'%;es Yo compiTe the relexaxion .

PRoPoSITION 40.4S  ( STRATEGY 4 )

(X,d) meteic Spete £ X> R . Supoote Haal Z:X—afé s s+
®*) ( &iminf l‘ne_juo.l}‘l’a,) For all xeX omd xp>x & hids

a(x) ¢ PminF F(x,)

Nn=> 4900

@ (@msu’; fneolua.b‘g) For ok xeX 3 x> st

2

Umsop Flx,) < g (x)

N> {oo

)

Then g =

Nete TFf @ ond @ ‘/\oea') Ahen  the QJMSUP in @

is adially a Lindt.

n
el

Pf‘oo‘: 3

Let x,>x be oclorracy . EQ @ we heve

9(»:) ¢ Qimiak £(x)

N> 20

St Ay T3 or‘o\"\‘mr}) +=L\¢iv3, +he infmow over aul Sequences As b e X
St X2 X, we gl 359.



e
"
Qo

COﬂVe(So‘«\a,) Let )l‘ﬁy.&f be +he Sequence e)c(sﬁg Lﬁ- @ Then

E(x) < QminF F(x)) < QA'W\&)? Flxn) 2 %(K)
f N> 4o T Vi 550 7

deb of T peoperTies. o by @
SNE@ ¥n >X Qiminf /&m&Jp
showig thal F€9 and conclodlns . o

We now Kook at o Second stralegy to Compi  fhe relaxaion .

DEF (N TioN  40.46 ( ENERGY DENST SUBSETS )

(x,d) metric spee , F X>R. A sibseld DEX is BER&Y pase weT € if

\f'xe)() E{Xn}i‘-—b s+, xp>x ond JF(Xn)»?(x).

ReHARE. @D Seppose b X2 R i3 codfiwess. Thena DEX i
Bhegy Dense WRT Lo £ & + s Deuse .

@ DCX is E'nefa&} Deme wRT £+ HF

{(x,{—(x)) xeDj & X x B

/

i< dense ' Xx &



Levra 40.4%  (X,d) metric spee | R,¥: X>E . ler DEX.

Su()Fosc thal
(O f6) € ¥6) 4 xeDd
C@ D is Energy Demic WRT Y
(W) € & LSC

Then
Rix) € Wwix) 4xeX .

Proof et xeX, % 0‘\) Hee 3 A, ED s+ xe>x and Wk > W) .

Then
Q) < bmiaf Rxa) < Gmidf W(xa) = VYK)
f N> £o0 T N> ¢o0 ‘\
F s LSc DMl Bg, (\) 5 Since {)(ns-C—‘D As Y(x,) > 1}'{)()
Xn > X

pPRoPos\TION 40. 48 ( sSTRATEG Y L)

(x,d) metric Spece , b X>R . Sypee el 2k X>@ gaxisfes

@ a is Lsc

@ 3k ¢ fx) , ¥xeX

@ 3 DeX  Enegy Dewe WRT 9 ot

)

¥xed , 3 AxfeX st wax el imup f(x,) €g(x)

N>+ so

Then E"é



Proo(; ‘3 < E let xn>x be a(loi‘hrua . Then
@ )
Limins  Hx) = Dim:nC 3(#,,) z g(x)
N= & 0 N= & >0

Tos\f-ivg the inFimowm for ad ¥, x ) we  conclude -F‘&j,

F‘Sé Sex R:= £ ) Y:= g - et uS vuifz He mSiuw?‘h‘ans o LEHMA 40.4%F :

(L) “Q(“) < W()ﬁ) “J’X & D (TQ-UE becaujc ag- @ QV\J d&{-.'n‘\‘hron O’F' —{i )
L) D s Eneczy Dente WAT Y (TRuE: it is assymed i )

Q'\'\) ® i85 LEc (TeuE becavse '?=£ owd £ is LSC l’é %Pjoﬂ)

Thecefore ‘92, LeEtra 40.4F  we hove +hall L% on X g B {\'55 on X. I



