LESSON 40 - 419 MAY 2024

Hiahc oRDER SoRol=V SPACES

We con of course aencrab'}e. the definition of Soboley funciion +o hféhg( ofder derivatives:
DEFINITIod Lt Ky2 be on infezeC, dc¢peaoo. Let TS R be on open &I We define
WP () ef we WP () | wew™ ™7 (T) }
For p=2 we g

H(zY:= W™ (1) |

RErpee. e W™T(T) i6F 3 4, 4 elf(@) s+

du kW dx -y Sa0a | Adecrm | 4

p
I I

e, m odmtS ok deciveXives vp to ocder k. (Ea.sa Check)

NoTATIoOd In wiew of the above rewark , and due +o the unlcluoncss of weak dervalives,

¢ we WRP(Z) we dencTe by

a0) .- q, JE Ay iy K

/

the )-th weok deriveTive.



PRoPosiTION 1.23 Let TSR Ve opun k32 be on fn"’cde(‘, 45P$ ¥oo, Thew ) the

Spece WP () it Banach with the vorwm

=3

| - G)
M‘“wm \\u.llL? ¥ I o »L?

=1

-’

Moteovee HF (T) s Hilbect wite +he inwer F(od\lcr

|2
<M,¢'>Hl‘ = <,.u,)\r>L ¥ a_ <Mli)’\r()\ >LZ

(The procf is abtaincal following e Zines of Hhe prodt of PROPOZTION 346 )

REApe T € R open , kKx2 | dcpcw®.  Thea weP(x) < Cg’i(i)-

(Prook s conseguente of THEoREM, T.49 . Fec Qxaw?‘e p Fe k=2 we  howe

Hat T ouwe WP (T) | then by defition  u'e WHP(T).

As WHP(EDC C(T) by THH 42, we gt Hax a'e (T). Thelr
me WP (1) , wecl)

and fhet by PRoPostTION 22 we 300 me i vl P conchiding  Hox"

W (z) e ct(I).

S(m[w(;} one Coua C.DV‘CJ/VOIC— 'H/\Q OTL\U Ce¥eS | ) ;



THE sPace Wh'P

W hen deauwa with  Dirichler ‘l’a)x, bodnJa.rZ condations, 1+ TS Vgeful +o  inteoduce
the spece W2 whidh will be the spate oF funCiions me WP s+ u=o0 on L.

PEFINITION Lt TCR be opn , 1¢pctm. The space WHP (L) it defived
os the ClosuRz of Ci(ZT) in WY (z). We dencte

Ht (x):- W‘o’L (z).

The space WP (T) is equippeal with the noru of WHP(T)
while HI(T) s tquipptd  with  the inner predoc of H* ().

REMARY . Wt‘P is o StPARARIE BANACH Spo-te
v WP ¢ REFWXE bor 4<p ¢ 400
« KL i o SEPARAGE HILRT spece

( These tollow ¥eom PRoposmod 7.6 and the Fact  thal W’;’P S fosed Lg a?ef—-‘niﬁan)
RE AR 83 THeoReH, F.24 we Kuow thart C.Z(sfl) 'S dense in WWP(R) .

There Fore
WHP () = WhP (R)

THeoREH, 3.24 Lek TecRr be apen , ALp Cxda, Th{; O -ee\uivo.kuﬁ".

() mews? ()

(L) M=o on 2T

Ne on\a F(‘om Hae e_a% ;OnPUCanon F T Heoeen 7-.34—) Hhar TS) (OQ = (_(97.



Prock

()= (L) by defoition | iF we WP (L) e T 392 CE(T) st Mg >a
Togly W WP (D). By the ewbedding WHP(Z) 5 ()
(THeorens 3.1 and ?.L"r) We 3ok thel  w, > M Un??orw(a il
AS Ma=0 on 2T we *then conclude at=o on DT

(Sﬂ ‘5(0\)'- See. THeoRERL 8.42 W BREBMS — “ FuncT onal Anatgg;g) Sobeoler Spaces

amd PDE " SPRINGER 2044 a

[



PolcARE MNEaIALITIES

/
THeoReR +-3S  (PoNcARe weaum,\r‘()

let T=(a,b) be bounded , 4¢pctoo . Thece X C >0 CJer&ng an\a on \Il) st

Na\ < c Wl
wW? (1) LPCczy

Fue WHe (1),

T partiwlar  lud ond  La'l ace esuivalent nocws o WHP ().

WHP (T LPCz)

3 éf\u two procfS . the fint one is woce dicect | whle the secomd one is were

absirocr, bot ssefol for P(pdiwa %enem.lf\}ol‘}ons_
WARNING The Polncace Inq,oloahhé, does wat R4 im WP (0-,!9) (ka oF Consran‘is)

Prodl Lokt wue W%P(o\)(o\. As u(a)=o \93 THeopeH .24 wL&a‘

[ax)l = (k) = (=) |
X
( Hee use THEOREM 2.9) — = _&M'w dx < \(u‘uu(%m
Z |
T‘o.e({_(:g(‘c ”%”LN(o,,Ip) £ lu “Li(q,l,) : TL\LVL
®  Hwwl, o< Tl dy € (bon) af ¢ (b-o) latuf
Pk — 9 M ex = Lo M‘L”(ﬁ,b) ) L (o)

22 Holder's Fnce‘uo.l}\\‘g we éef

b
la' I < (S ' (P dx )

i/P

L 4/Pl
F‘
(s )
@ 0 i "

- \ 47/"
= llu.llLP(“’,’) (b-o)



T‘/NS . \93 ®)

®

i
|l ¢ (L-a)T ball
LP(a,1) ( ) L*(at)

() Y+, /

Snce

e
-+

RN
\
>

F
2 -=) ey = (b-o) nw b i)
Now
- ( £ o (
WAL o uuum%) S L N (b-ov+4) lu S
Hm(c{'o(c we Conolwle &u‘\'rg G b-a id = EL B4 O

Proot 2 ASsume LB tonTroditiion  Hhal 4he ;V\{OIU&AA."'A dves viot hofd . TL\&L we Can Hind

0 sequence fu,t € Wg'?(a\,\,) ran

© sy yw Dy e

AS the wacm IS hom:acn-cods , up 45 Nscadjvg Mg bg Il "L"’ Wl (et aSSome

Har Mgl =4, ¥nen. Then, Fom ©, we 2ok

= ' g B
G» llu..uLp 4. u, IILP = i ¥nen

Tn particolec {mal is bowndedl in WHP (a,b). By the SoBoumd EnpepDING THM 3.2%
(point (€ ) we kuwow thad WP (0,b) & LF(s,b) CDme‘.‘\'\a. Thas {_u:s \S  Compact

n LP(a..,lg). xn Po\fT;W‘G(‘ {u,..’ OAMH'S -8 SdbSqulngg 4.

Ma> . Strengly in LP(a,b) .

=
n

K

FeenN. Thecefore

)

Horeover, ftom (0 we Enow +haX | w o €
e L

Axf,\kao STcoa,la m L_P(a,)lo),



.nflUS) “’(DW\ ReriRe 7.473 we concdlde +hod -M,,K‘b,u STCorB‘é n W‘.”P(a.,lg') 3 w ¥
M'=0 n +the wealc Saunde .
Therekoce ) '7(3 debintion of weo¥ derivative , W 2ok

a'=0
b b /
S‘b'e‘d)(s —gu'{ dx =po , j~J'QGCZ'(%,(:)

LN

avd the D8R LerrAa 7.43 {MP\k_s thaf m=¢Cc a.e. on (o.,lo)) Poc some CceR .

Now fecatt Hol WP (a,b) is ool Ea Aec"ni’r.‘onl +\\erd'—=rc) aS Mn > ur in WP (a,b)
oud Y€ WEP (a,L) | we g thal Ae WP (a,b).
Ba TreoRrer 734 we then hﬂV& M(an)=u(b)=0 . Since m=¢C 5 +hs im?\;(s C=o owd

TEr-
Howcdo.(} +o\\L¢v3 te limt as E>+00 5 the HrsT conditon in @ 82\1«,}

“M“LP =4 ,

which s o conteadiTion , as ms=o.

W'new daalmb U)?'H'\ RC whch ore moe C:)cmera..l. “"(\a«w ‘nofw'?evwods Dicichler BC,

He above Pointare :'nca'ua-b"\g 1S osedest.
TL((‘@Q.;Q_ we eoolﬁ For o MmoCe 3cn<('%l veldesn IV\ o(slef +o A,o H\aﬂ') ot ‘H\QT

the Poincare Toe ﬁuah-g

Na < c \wl ¥ ume w e (z)

w? (T) Lty

L‘oQAS becowse hon- 2ef> consTonT  Eunclions Jdo wet M”g o Wdo'P .
This &‘m\fle doServokion Mot yoXee “the Falbu;ua gengcd}}&ﬁan of THEoReH 7.35.



TheoRe 7.6 (GENERALIZED POWCARE INE@UALITY )

let T=(ab) be bounded , 4cperes. Lkt N EWYP(TD be o SOBSPAG s+
() N is HAosed in W"PCI)
(W) ZF me N 38 constont | 4hen mzo.

Then +hee X C >o

u < c Wil due V
WP (T) LPczy '

In .Pt\r‘ﬁca\a.r “M“W’lf’(j;) Ollnd, ll o | Lp(I) ace eelu;\lo.ley\t NoCwmr S O V.

( The ,o(ooFoF THEOZEH F.36 Com be obtasned ulowrna the lnes F PRooF 2 of
THEoREH 1.35. T+ is leH Qo( Crerciep in the Exercses Course )

EXMPLE 7.5  We &iVe some  exausples of Soubspaces N ¢ woe sﬂ;s(—;}\‘g +he
assum P‘Hom of THeoreEH ¥ 36-

* \1=’{M€ Na’?("b,b) ) M(F)=° } Loe Pe [a,L] GExed
(N s Jdosed ‘g Fhe m\'(c\diw& W2 P(a L) e> Cla,b] >

b
PV = {aewt L) | S adk o}

Ve {uewdrae) | Sudeso§ for Ec[ab] with [El>o
E



3. EULER- LAGRANGE EQUATION | SoBoleN CAST

\AIC Wow avm[a%e vadalional, Pro\o\ems in Scbolev § poce . Fiegt we 3e,ne(a.(,'«}e the

J—D\Aouha theoruas we peoved in the C? Se,\l“\%: conuider the Spates
X={ueC’ (a,b] | a(a) =4, (L) =R }/ N ={ueC’ (a,b] | a(ar= (L) =0 })
He L&(jmmgm F:labdx®@Rx®R >R, L=Lk,s3) , and the tonctional
b

Pl N Lix, w,a)dx, ameX.
N

@ THEOREH, 4.5 : L conTimoeis avd C* waT s, %.

'l) If Mominiw\'—tes F ovec X thew 4 Solves

b
(NTeeR AL ELE ) S& Lelx,ma, a,)0 + L§ (x, o, M) ¥ dx =0 ; yoe N

1) 3¢ Lec? and a,e Xact[a,b] winimizes F

ovec X, then o Solves

Q—]A; [L} (X/M")llo)_—l = LS(X)UQ)J:IO )) 30")(6[0\(\9]

(e )

(o) =4, mlb)=fR

(D THeoREH 5.4: [ e(* | w,eX solgtion o (wTeepnl ELE).

1) If L is CoNvBX in 5,3 then w, is minimimiter of F.

2) Tf L is STRICTLY CodveEX in s - tHen 4, 1S the UNIQUE
mmmiper of T



We sToeT by re,\ax;.g the asiumptions on L, by ST requfivg measocalboility | Recsely
we  wilk F(’_a'ui('& L + be o CD.(‘OJH:‘:AOTQ Punc"'rDVL'.

DEFIN(TON &4 ¢ R? open. , L: fLx R' >R We say thad L is o

CARATHEODORY TFunNcTion ik
’]-) ‘g, - L(X,‘}) (S conTinyovd for o0.2. xe_Q)
2) x> L(xYy) is Lebessue measocable for  om yeR".

NoTATIoN LQ.‘T L (0\,‘0) xR xR —= R 5 L—=L(‘ﬁ) S,}j ) Whenedtf e w
Hol +he LG—(SC‘MXM L IS Co\raThzoc\ofg_ we wean that

Q=(ab) | d=4, n=2 oud Y= (5,3

th DEFEMNITON &.4 .

EXAMPIE  L:(o4) xiax = R debined by Llx,s,5) = 2l<) + g(s,3) i Gorathéodory

i o (0,4-\ >R S measufa ble Qnal g RY* >R s continuost.

PRoPosITioN &2 Lek © € R be apen ;| L: 2xiR" > R Corsthéodory |
w: f2 > R measSucable . Then 3 >R defhed \93

g = L%, afx))

IS measucalole .

(Prock is  omited . T+ is olvious by q[)?vox}rmalﬁon b} STep functions — see PRoPosITION 37

WM the boo\ﬁ- \03 DaCsf‘D(}na- )



WEAL ELLER - LAGRANGE EQuATION

Lok P24 ; o\é‘a , ond debine Ahe Space
Xi={ newW*?(a,b) | w(a)=x, A(L):[}}

Note o X 15 wel = defFinedl 5 Snce \Ui'P FunTiont ace conTinvoud ‘93 THeoRert +.1414

(so me) amd ulb)  woke sense)
e X IS an AFFWE Spate with (eference ~ecTor spa-te Woi'P (O\,L)
((since Sunctions in WP (a,b) vanish on o,b , by THeoren #.34 ).

et L:(ab)x RxR >R , L=L(x,53) and dbne F:W"P(qL) >R by

Flu):= S L(x, a, &) dx

WEAE DER\VATIVE

'Tl‘\e Sobofe v version of THeoRert 4.5 1S as #slbulj*.

ASSOMPTION 8.2 Assome L, | ) Ly are Coxfﬁxh{:oJofa, funin s .
Suppose. Fhal eithel of  +he Co\lou',wé hotds -

(1) ¥Rso , 3 wyel*(onb), welflab), pief popr
Such +that ¥ xe(a,b), ISi<R , 3eR P

[Lix, 301, [Lx,e3)] & dub) +pl5)
| Ly(x,5,3) | € aple) +2 137"
(HZ) ¥ RS0, 3 x4el*(a,b) | R=B(R) such thar ¥ xe(a,b), Isi<R , 3eR

[y, 33 1, Thiln 5,30 1, ILy0x, 5,301 ¢ &yl 4 I3



THeoREH &.4

L)

Su?Pose the obove ASSUHPTION &.% holds .
Let wo€X be o wminimixer $or F ovec X,

TC (HA) holds  then a, sexishes the weat forw of ELE

b
(w-€eLE) g Lelx, a,,m) &+ Ly (x, sp,m) ¢ dx =0 , ¥ re WP (a,b)
2) Tf M2) holds then wo seTishes the weaker forw o ELE

(W'-Eg )

b
g LS(X/MO)‘.%)‘T"' L‘; (x, Mol';"o)\'r dx o , "J’ e C?(q,'o)

3)

(ELE)

If n addibon, L€ &5 and Mo e XOC*[a,bd  +hew M, SoXishes

+he clotsical ELE

il_l—‘i(x/uoldo‘)} = Ls(x, m0, 4,) , ¥xela,b]

Proof Step 1. F s well-debined.:  [ek we WP (6, b)) Then Loth 4 and &

ace weoducable .

wWe 6(,’\' thax 35(0.,5) — lR o\dl.heol. \:2_

9(x):= L (x, ulx) anlx))

8 masssoeaide. Ths 9 Con be {nTg‘SraaEa(. , WiHy  the in'l%jrod_,

P'ass‘\\’\% }X,'W\é un bounded .

Sinee. L T8 Ca(‘n—“’\r\(loéafg ) \oé PRoPos\Tiond 8.2



Next we need 4o show thad F i€ boonded .
Sine WP (a,b) > [¥(a,b) (THEoREM %2F) | we 3¢k
me L (o,b).  Therefoce

LG (€ llelly,  oe. in (o,b).

C—‘AD?St P\’“M“% in Q—U.) or Q—{?.), So HooTm there. xis¥
oA e L3a,b),  p=pR) 3+

© s | € o0 +pl3l” | Fxelb)  isicul, |, Fer.

Thos (%, ) , 00)) e (ab) x [-lang, y T xR 3 and
L
[ F0] < S [ LOx, w6x), G0 ) | dx

. L I—+ daelt, aelP
® .
¢ Jaytade + ) lfae < v

S"low'mb HaF F is wed- deBined .

rS(TeP'L. Gafequ de(iqqﬁde ot F

CAsT oF (KA) -  AStume (H'L) We show Hhak for every weWHP  4he funcxtionad
F s Gateaox A Fecediable n Cvcra ditection V€ WLP)

‘:3 Ffaw ?rg ‘het

b
F - Fl) .
@ b aree) S Fe) S Lot m,i ) & & L 0om, iy & dx

>0 € [




Since we ece as3JMing that |, Ly or Caro.ﬂfoaoré 5 Hhis weaws Had™ the mops

(5,3) » L (x5,3) (5,3) > Ly (x,5,%)

/

are cont)nusds “'or .2 Xé€ (&,b) FTXeo!. Thel‘e’?:& we Con °?F‘a 'HL S\‘bméefd
hean role  *p conclode ek the Weg

> L(x, m+teer  L4ebd )

[y di(—krm'r.‘o.b\e, w Hu

ArkeT) ©

4 ; .
QT; %L(x,u+t2\r,u+i\7\r )’B = E LS(X,M%E“'

7

®)

+€ Le(x, mstes, s+rted) )

Naw sek

1 )
qlx, €):= S Llx, nates , shsbed) § + Le(x, metes, a+rted) ¢ 4t

o

Thes det of
1 b
-22 {F(M«— to) —F(M}: '}C_; Sj L(x, u+40 , w447) - L(x,u,&)} dx

b | ]

Fundamental Thu % . .

(o\}_ CM;LS ) = 5 g g -—-{L(x,u+i:£w,u+£b\r)}dl;]dx
o | o dt

L

(by () oud bk 3) = | gix,e) dx



Th ocder to paove @ i+ 8 then sffdedr o show thaXl

L b
(C) Lim &kg(X,E) dx = 8 Lol & 584 L;(x,u)&S:‘l')dx

¢>0
o v

= g(x,o) l’j defniron of 2

JEEQ. To show (€) we use DorNATED colNEREEN(E : 'u.e.) we need fo Show
@ im ‘a(X,£3= B(X,a) for a.e. Xe(q,b)

@ Sup lg(x,eﬂ ¢ [ AL dor ae. xela,b) | Yor some Ael*(a,b)
0<g¢<A

16 ds -H\AT) CesT notice  Ahal \"3 the ewloeééu'vg WHP (a,l) o> LN(Q,L:) we 50\—
usctse L%(a,%) For oMl €50, te (0,37,
Tn pactiolec, for o0ct et ) telotd we gef

(8) | ) +eETG) | € Nl 4 W & 0sq o.e. on (a,b).

Thes sell R= Nacll o + USHog in (Hd_)l +o obtain Fhe exisTence of
Ay € L‘(a\,&)/ o{leLP‘(a.,‘o) ,  B=p&) s+

(1) L3 € 460 +pl5)

@) |Lx530] € €6 +pl3) A xelar), IsicR, Fer

() T Lylx5,3) ] € @pl) #2157



We vow show A heed DOHWATED ConveERGENCE |, s glxe) is dSelban inTeycal.
For av.e. xela,b) we kmw thal the ma?s

(s,%3) = Ls(x,5,3), (s,3) = L3(x,5,3 )

are cortindovs (o Ls L} CD(ﬂ:ﬂ'\C/voré ). There F-ce

Gim E Ls(x,u +l:£s\',i4+l:£&')¢+ Lg()(,u+l:£d',41+€'?_\.!')\.f} =

& a0

= LCx,n, &) & + Le(x, w, i) )

Foc ad Y€(0,47 and a.e. xelo,4).
HD(eo\Io.(/ oS MtEEV  Somsfies  (B) , We Com imvoke (2) to gX

@)
ILS(X,MH:ET . Lu-k&i') G’\ ¢ {0(1()()4—@ |A.L+-(:€\'T‘?:( L\T'

(0‘3 gtelo,d)  and wsing

(arb)f €2 (aPeb?) Yoc p3i > < ltyt) 32 27 (P #1172 ] 1| , Yelogd]

and the RHS Mg\ﬂas to L*(0,47) e x 18 Lixed .
S?ﬂn\\arl'a.) Us{na @) , one odSo  showg  thal

Lebes) §| ¢ CO Y eefo,4]

/7

IL}(x, urted

5o thl Clx) €L*(0,4) | ‘ae;g o cosTaur  Cx i8S Exed)  Thea Lé DoHINATED  ConNJERGENE

4
Qim a(x,i3 = O S Ls(x,u+l:£d‘,i4+££;r)6'+ L;(x,u+&8¢,&+f:£6")\}z}b
&a0 & a0 A
4

= SD LS(X’M’L) ¥ + Lg()‘,u,;ﬂ) \}Ak = 8()‘10)

.S'mw?nz @ .



We now Prcw/e @ swe need to t&ffrmql‘c a(x,a) g
1 1 .
|3(><,€)| ¢ g |Ls(x,u+{:so’,ik+££8~)6’|Jl7+['L;(x,u+68¢,é+£—£6‘)\)‘| dt

For the baT En‘l‘tam& we ose (2) -

¥ @) (4
g |Ls(x,u+l:e~r,i;+te%-)w|dl7 < g L“a(“)*'f%\ﬂﬂrﬁirlf}[ﬂ(")\ e

o

oy £,belo,d) aw win 1 -
((M)P“P-\(qw, 8 PM) ¢ (" [0+ ot (linte 1Y) Wt db

as wothing depends . ]
(on :anaén;rcp ) = [0(46() + ﬁZP-‘ ( |M\?+ l\l’lr)} \\T(X)|

(sne ceW®? = L™) ¢ Lot + p2f" ( 1+ ld'lr)‘k NS\ o

——— —

€L*(a L) soe o(ieLi(mQ/ i, relf L)

For the second infegoad we wse (2):
1 1 C}> = -2 .
flL;(x,u+l:£¢,&+£-£G‘)d‘| dt < S ("(Z(K)-l—(l\o&a—ﬁt;\‘\" '} ! Al:

. 8
the Bist deam does pt | 5 = oAy (x) Ivix)| 4 e 8] g livt ebe )™ d
Aepena\ on k . W '
el*a L) by Holder This sne is esTimaXed
Sepacately  bolow

os el , self

. 1 . ” " 5 -
g 16l (" i et db € S pITel Litret §6of
o 6[0,4] - v e
€L*(a,b) by I—\'o'Lo(er‘j as

|6 +ebd 0|77 € L' (ab) Sine artebi e Lf

Thes, 3 Ael*(al) g4 lz(x,e))SA(x) foc ae. xela,b) | ¥oceed,

§lnaw:v2 @ .



\)Slna Yhe Soume a(z)umn‘l' of PRoPosITioN 2.3 & 'S wmwmedishe +o chede
thoX +Hhe obove YM\Plie_s

ﬁé(uo)(\\‘)=0

T(f\f;(‘d'ofe we conclude thal

b
S L0 0 a) & + L (%, 4o, Ay & dx =o ) N+ e W:'P[a.,t,)

o~

?CW‘HB YheX M, Selnes ( wW- elE \ 2

¢  ASsyme (HZ). Foc whax alre,oéz Pto\uo\ i F i Cdaﬂ.mux AlfecenTioble o .
¥ AiceTions 0 Coo(m,\o) , with

b
F%(Mo)(d'): S Leln, 0, 234 + L;(x,u,,)&o):\‘ dx . Vye c®(ab)

o

Lt ¢e €T(ab) be arbiteary . This  aotes € X VeeR (as ¢(a) =v0)=0)

Sinte Aty 1S o mhimiteC, oS abose Wt con show :Fé‘(uo\w\=o , e

b
S LS(X,M,,L(,,)J‘+ L;(x,u,,);u.o):l' dx =o y —\]-\re C:(o\,L)

[

Prmtué thel 4, solves QM‘ ~EiE } :



Thea (€)  Follous \? DorINATED CoNVERGENCE |

M. ok esdh e WHPla,b) with

.S‘mw’wg Hexm F s gfa\.'\'eaox

b

F%(M)(d’): S Lelx, i) & + Licx,u,m:r dx , 4 ve WP b)
chss of (H2)  Asseme (H2). By similor aczumends we con show +hat
¥ s G«a.'l'{a.ux A)q—eer.'aL\Q -ta( Q\Ic(wé_ ,u_eW"P » n C\Ilrg cl.'rgcT[aV\
Ve C®(a,b) , with
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ASume thall jn additien LeC? auwd o€ XNCtTa, bl Sace L saxishes
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@\3 the Stomdowrd FLCV LEHMA 3.4 we deduce  (ELE) yu



