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DErINTion 3.2 (Sufreet )

Let an: IQA)"IK . Let iw"}iel be 4he f—m&l} of Al oper SIS in \RQ‘ s.t.
M =0 oe.emw W, Fiel.

We define the Safpar‘\' & M as

SQH;M:= \Ral\ U w .

\eL

RENARE The above deBnition waltes sense Smee & TS ?oss‘.\ak b odow Hher

@ M0 o&n.e. o O W

\eT

@ I¥ U= MU .. on lK‘L , then Soﬂ: Uy = s‘uﬂ> Mdq .

@ IE M IS confinveus | +hen DEFINTTION F.3 coinades with  the classicel one | ie.

Sunou = ‘RA\ U W, = )\xe(R \M(x)#o}
el

EXArrie A‘%OA;V\ Consider -.:')CQ_ As l(ﬁl\:o) we Enow Yhal m=0 a.e. on R.
Therefoce.  m=o ag.on W, focall WSR opew. It Flows +hal
Supp u = AV uwi = R-\R~= 4 . This coincides with supp e | wheee zo0 .

€L

The so()rort of & comvolution cav be estmoked i the {—ol\ouivg Way, ©

PRoposITION F.4 Let me Li(\&)) ve LPRY a0 sowme Acp e+ . Tha

&) Soﬂ:'(u»ur\ E Sopp e 4 SuppT
The somin %) 15 defined  as E+F:={x+y , xe€,yeFy , Wheee €, FS R sobeds.

(_\-\'\c peock of PRoPOSITIod F.4 will be fr o8 an Execute ln the EX. coup.se)



The moin i:oin‘\' of fv‘T(oAddha Convslitisns s thaa -\-Ma heve o sw‘so{-himé eECect
To male Hos stafemert figocoss we need the Jdefniton of LochL INTEGRABILITY

DEFINTON *.6 Lt Qc Y Le open. let 4ep s4m0. We Say thaX a: >R

is LocaALlY (NTEGRAB\E on .Q.)i(:

,u.')CKG LP (L2) Cor albL KC—Q—) (3 CDMFme.

The Spoce £ (ocaﬂé in‘\‘earo.\a\e Concrlons on ) is  dendted "éﬂ LFL“'(_O.)

REnAR I ‘IJQ, \ncwe_ 'HIDJ— I—PL“(—Q-\) < L_Q‘-ro(-{z) 3 (o(' ak O Q\RJ opew

<Th.‘s is wsk Fteue bor
LB wit B oakuled

THEoREH 7.6 ( Sw\ao‘\'{n‘\v\é Jia Conioldﬁon3>

L"L) Let wme CcUR)) J€ L”[ACUP\X. Then ) (%) s wal— defined +F xeR and
mxs € C(R)

(6) Lt ksa  weCBR) | relf (®) . The (ux7)e C(R) and

"2

A— EM*Fl = N
dx¥

(3]

* U
IV\ ‘)a.r‘\'?cvlo.r) '\(— " E e (\RB Owo\ R Ltoc(\ﬁ) ; 'H«w (u*d') e C”(\K).

(T\r\t f(go(: of His Theorau will be M o5 an ex. Fsc the Execcses CpurSLB

DeEwWiToN .3  (HolLiwFigrS) A Su\utv\og of MOoLLIFIERS iS any Sequente fn’ R—=>R st

PeC2®) , s o, Spame[E ] [RWdcs daen,
'8



The wost cmw\on\a uleol Sequewce N wolliGes s debned ag Flows:

Exarpe [ STANDARD MoLLIFERS )

et gt R >R be as i Renake 3.2, e,

$(x)z= C op (— '1:0— ) i (xled 1

0 FoIxlze

=1
where cel 1§ ct= (( ?fﬂs‘x\ . e geC’g(\E\) e%0

N ) Surf? g c {‘1,41 ; gg =4 .
R

Th Farvicu\ar fu* R >R debned Lg,

Pu(X):= 0§ (1x) On

1S o Scc‘uwu. of wmoReGecs.

PRoPoS\TieN F.8 let we C(R)  and )gf,,(l be a sequence of wolREiGiers. Thew PR —> M

vnibormly on compact sas, i-e. for tach K C R cmped  we heve

G Moy | (faxa)) - ax) | =0 .

Ny bex  xe K

(Mso the |9roo(3 of Hus is bt oS exercise tor the EX. CDUIZSE)

THEDREM *.9 Let 4cpeto | uelf(R) . 1t} a sequence of mo{d; Fers.  Thew

Po¥m —> u stRonGLY wm [ POR) |



Prost Let ©30. 33 Tucorer 6.46 Cc(R) s dense . LP(R). Ths I BeC.()
Sadh thex

) l\u,-ﬁ\\P <€ .

Bé PoPosSiTiod F.& we heve MHax f’n*x — o qurow.\té on c,am?a.crse]x.
Hoceovec PRoPostTiod 1.4 Says .

o P o ¢

Ser (gn*u) & 5“[’]’1"\ 4—50‘;‘:; < L—i- 'L-] + Sq’grx c [-4_).1}4_&,(,??‘

In parTiw o

Supp ( gn*& Sy (soﬂ; (ga¥ar) U sUW:i )
@ C—({[-i,d]{— Suﬂ)fij U Saﬁ)ﬁ)

[—‘L,ili— Suﬂ’fl‘s = K

1]

QMOL K S Cow‘?&cl_) oS .& S Comra\c\'\g SJWs(TﬁA- Thaw

S | (P&l )(x) - L g @ S | (g% X )16 - Bl A

R K

< max |(S>n\efi)(x) —Zu(ﬂlP- 1=
xe ke

ond +he RHS gL to 2efo @S h— koo | Siwce g,,xux — A UMJIFMM\! en
Compect 65, awd lklerss  beng le bounded (s it 75 compacT).
Thes

Grd)  fux & — & STRoNelr i LP(R)



Now wohee Vhel gw ] (R) wire | €n “1— = A \oé definbon. Hoccouer
(u-4& e LPUR) . Therfsce by Youse wEaspTY (THEoRSH T B

O E Y- Y T T AP L ey

T—]‘m\ka , bﬁ a\c\c\{v\a and SubTraclim we con eStimede

AN

U’;n\éu—u. UP [ (u—.&)\\P + ||{v\*;& - M \lP+ “M—ﬁ“{,

@ < \\M—;\\\‘, + e - & \lP-]- \\M—ﬁ\lP

N

= 2 0m- 4 Uee X X

?\((ALUVB theX N - “PCE, and \ an* o = \\? -0 L} @ ) We 3_J

0¢< &'mgup “gv,x;u— M“P < 2¢

W 4o

Ay €90 was O\(‘oi'('(c(a, , e Conclude “ fax M- m "P — o, )

CoRolLARY F.40 Let TcR be opwn , A4¢p cuoo, Then  CZ(TY 15 dense
m LPCTY.




\'\lt are \pow renA} +o prove LP versions  of  the

ELCV and DBR in LF
FLeN and DPR  Lewwmas .

Lerdy .44 (FLay w ()

Let TCR e opea SUﬁDoS( A€ L_iLQLC$} It st

SMQ‘Ax:o) NgsecCT(T)
X
Tkw M=O0O @&.e. on X,

Prock Le{’ Y &Lw(»Q) be 5.t &aﬂg? (s caw\’o@cf and contamedd wm T, let LK,’=:(“ +1}’)

with (n wolli e . Theu ba Jif &2,
f -
Sopp 0o € SoppSat st =[5, 1 T+ spp

L, PRopositioN F.4. Thew thece I Ne™ 5+, SUﬁ;zr,‘c T fcall n=N, Morcover

un eC"CIﬂ) Lz THe>2ert F6 . Thes Wn € C? (I) -Gaf adl nWzN. 6: a-SSuw)ﬂTa\a M&J

wdx =0, ¥+ N.
@ :E.ubr dx =o "z

Notice thal Ye L*(R) |, ba'ud Compe Ty, sopfo(’l?d, and in LP(R). Theu l°2' THEDREH 7.9
we hove Y. > U STeeng Ay n Lﬂ—(@)_ Thelefore ) VP fo &IQSe?uncieS (ot rdahdlei.) , we

howe %, > W poituse wc. in R (see PROPOSITION 6. 12). Also, by YounG's iesugLITY,

= ’ = .I‘ 4
We gef [l ¥. ll‘.,g,(Im ¢ Ml N—_— I wL*m) [ WL"((A) , a5l g IIL1 ) i Lz deFinition .

Thee boce

MY, > uY o.e in T |y, | ¢ "\H'L”CR) (| eLi(I)

“There fote we Cam Muoke DOHINATED (ONMVERGEN(E (THEREH 6.-F) to  conclyde

SMW,‘dx -"SMW dx aS N> +00 .
T T



However SM’\YA dx zo  for h Sd@&'oiev\‘\'lé -Qpac R La @ . and Lo

T

SM\J’ dx =o z
i

Thecefote e have poven thax

SMW dx =o 3 e Yel2(x) 54, .Sula)o"l’ 'S CompacT Supp U € i

T

To obtoun our ‘H\a'vs WL now choote o LunTion W n @ in on dever wWay

ek ke T be Compacl  and define

e 5 (i)

) f xe R k

There Foce {;e LC(R)  omd Suﬂot‘vl' ctEcT . Tl\m) feom GO ;

OG?SM.{;JX s gu Siga e dx = g\uldx.

T k. e

Then m=o a.¢. on kK by the properTies of the Le,bcsgua inTeéml (sce +he REHARE after

THeoREN, 6.4—) . M s o\rbH'ro-ra ) We condde =0 wn.e. on T [x

lennd 1L (DBR i L7)
Let T=(abd , possibly wboseded . Lot we LT (T be sde +hal

SMJ' dx =2 “J\Te CCCI) soch thal S\deso.
i I

Thew wzd ae.on T Foc some constent Ce R .



Prodt  Let We Cc(T) s.4.

SIV dx <4 (eg. the buwp foction of REpek 3.2 saihbly mcad),
o i
Lt WeCc(X) be Gl‘biffdé and sef

Ll wu)-( Swax) ¥x)
1 o
Thew LI&CC[.IJ) Siate w)L\’eCcCD). Also g‘n;\x sl W S‘-I‘Jx=|. Then Lg
=+ o

at&um?ﬁon ..(;. mhdx =0, T\\us -

4

0:&4}.|qu = SM\J’JX— SWJX—SM"{Jx = S(M—C)wéx = S(M—C§\03x=0
I o i 5 5 b

with C==Su'1hlx. As ¢ does vt o\qan on W, ond welc () is arb?’rrcra , b{cj FLev
h ot

LervHR F.44 we conclode MAzC &l on L. 0

Siwl\a(\a to Hu rcéulc( DBR qua.) we heve an alterwdakice version -

LeHdm .13 (DBP\ (n LP = Altecnarive Tu&‘av\)

Let T=(ab) , possitly onbounded . Lot se LT (T be sach +hal

gufr dx =0 A ye cr(x)
T

Thewa wz=¢ a.e. on T ) -Fp( Some. conStemt C e IR

x
Pf‘oop Leb We Cc(j—’) be sach haX Sw Ix =o. Sett W)= & w)dt ., Thew W e C‘C:) \oa_
—_—— ) 3

the FondawedTal Theocey of Calcwloy and W(ﬁ) = whx). Morovee W is Cow?"d-‘g'

&'f’Fb‘T“’L . I Quee W s compactly suppocTed in I ond Sw&x =o. Ths We Ci(T) and
. . X
\2 a-squPHO\L we 62,(— SI-M -w- A)C =0 , AS W = W) we

guw:lx:o § N we Ce(T) st Swéxao.
s T

We conhovloﬁﬂg FEAMA *. 12 and concdde M=C a.e. on T , foc some c€eR =



SOPRoLEN &PACES

HoTitatiod  [ek T=(ab) cR . TF ue ci, la,b] +hen "moratly * e C*[at]
with  4he CxcafTim of a Ffew PoiaTs, in whide ' 35 discontingous.

The idea is Aha ) W owe Iv\’\‘eém‘fe w He Lebes‘jw_ }nTeaa.)( does nsf see

)

Hose chef‘rionau( poirts | as ol $eX has zeco weasore . Now i€ Le C}_ (q,b),

we. ad' ; '(n‘h’j(ofu'g ‘93 Pa\r'l'sJ

b b
b
SM‘Jx = wp | -Swwx
O \,~._,°‘ (-
=0 &S
Y(a)=eb)=o

Thus £or M&C;u [a,b] and RecCzlaLl) we &e,t

b b
SM‘Q\AX = -gu'-PJx

Note 4hal the above erpresSion mokeS senSe alSo 1 am, ! onig loe&v;}
to L‘(&IL), This wotivakes $oe -(’D“OUJ;Vé de Finition |

DerinvtioN .44 ( Soboles sza)

Lot T=(ab) be on infecval , possibly ombevnded . Lot 4¢pcir . The SoBoLev sPAcE
WHP(T) is dobined as

Wd'P(TA:{ me LP(T) | EéeL"(I) s.t.

:Stuéax: _§34Jx , J«Pecé(l)},
i
e

" TNTEGRATION BY PARTS®

RErARE. Tf wume WH7 () Phew the Funcion 2 1 ON(QJT




Proot As&)me

8) \'\6 L‘P CI) L)ptk 593\'59\3, -HM_ ”;n'l'e_érq'_ﬁon ‘oa fo.r’ts“ -?o(wu‘e.} ;.e,‘)

SAL-@ dx = —-SQQ Ve CLlT)
T T
Sg de= -Cpyg ¥ Qe CL(T)
i I

-

T, & (3-h) ¢ dx=e , ¥ Pe CL(T). By FlO Leath %41
il

we gk a=k a-C. on T. This 3 ard b acc the same P buncTion,

o8 ﬂ\% [odwa fo the Sau CﬁUWO«(ence cess .

NOTAT\ON @ IF we WP () and z, is the function Pom +he dc@fnzﬂon) we dunote

A.’:a_

audl Call 4 +the WEAE DelRiATNE of .

(D wor p=1 we denite R*(T):= WP (T),

EXAMPLE 3.45 (B Tt we CH(T)I NLPCT) +hen me WHP(T) and the weake decivalivg

conades with +he dessicadl docivakive

T s bowded then C2H(TY C WP (T) for all 4¢p cim

—

®
®

gt

T we cl,(T) N LP(T) then me WYP(T) awd the weak
decivative coincides with the clasical defiadiVe i the poin TS ok
d\‘ﬁca,uﬁ«bflii'é ot u (Note thal ts wokes Seuse ; since Hhe wealt
decivalie needs ouly to bo defned luofT cvecy whee , and the

S of ponts where w is wit diffetadioble s Ralte = & heS 2e00 mcuum)



R( (;(auu.f'e. Conszdtf s ("i, i)
wita

, M(x):= |xl.  Thea Jue.Cf;w(:D)

N o IX|
J;( (X) b 1 A: x> \/

-4 F x<o
Itv s eosy 4 chede thal  4Hhe s e wedk decvative of A .

(@ Foncxions with Jurpt  do wor belooy te WHF(3), For txauple

——
consider Te= (-4,4) omi
4 & x»o =
(x) =
o W x<co

The pointuwise decvative of 4 s the Funcrian

A (x)=o For all xelR~10Y. Thos we also

Mowe +hal 4t €Ll (T). Mowrwer W is essy to ghow thad 4 is NoT
wok defvodive ofF w , Hoowr one cn s thal « does wst odwit
Ouy weal decivatide y e, Mg w»?(zx) , £oc oy 4ep <400,

NOoTAT\oN @ The space wW¥? (&) s ea'qu?eol w ik the  RoRH

Wl

w"f = u‘k“LP + "ll “LP

@ T 1cpcao, WP(T) com be aﬁ‘”??"’( with the EQuUMENT NoRr
e
V\M\lwh‘, ==(|luui;_,, rla “ip).

@) The spee H(T) con ke equipped with the NNEP PRopoCT

<M)¢>H4_== LAL,4'>L7_ + cm,§ >L7'




The ia&dtbl, Worunw 7S

4
hak = (l(u\lt,_ 4 uixu,"})

Ed)(df-ivg Hhe obbote  STOTEMmunS & SW%JWF"(“’“A) Uning thal u”‘“Lr IS

mcw on LY amd il 4ME> ., TS on inmer produer on [(* |

L'L

PRoPostTiON 7.44 Let TSR be open, bouded or unboueded.. Then

@ WP (ZT) s o BANACH SPAtE for 4€p<iso.
@ WP (ZT) s REFLEXIVE for 4<p< 0,
@ W¥P(Z) s SEPARARLE for 4gpc 4so,
(@) WA(T) is ~ SEPARARLE WILBEBRT Space .

ook (D We ned to prove thal WP (T) is complefe . S0 LT laa) € WP (x) be a
Couc}na Sequence. As

Had, , £
W

" ad Wil s Vul | Auew” (3

1,.?

we hove Hal i) /));ln‘] are C"“’d\g Sequences in tP(xz). As LF(T) @ Cow.,olef(,
Fheee I u,geL"(‘L) &

@ Ma >0, 41,,, ag s‘rfagg w Lf(T) .

'Ba ddiion ofF W'? e have

€ Sapd de -~ Vg & , Veect) , ¥aen
T T



This % LPCTY*,
See THEoREML 6.14

As v, >m S'r(avg,\g,) Hen v, >a weallly n L) . Snie L (E)O Lf'(l)

wcé,d'
&M,,'-.QAX — ‘&M’{’ dx Ay N> ke
T 1

Em)\af\}
Vi ¢ dx - dx A3 n= koo
Yo ¢ _BL 3¢

Thew ve con ps Yo He limut in @ ol oltoun

&uéhg%w L, teeci(z)
T il

-

s ghans  ue WP (E) with weak dedvative w=g . The by @) we condude

( Un -1 “N“"P 20 g S\n:wiva Cth‘DlaZnLSS.

@ Realt 4hx (f(x) is REFEXINE For 4<¢p 2o ( ThootEM 6,44 . Then i+
© easy to check thar E:= [P(T)x LP () s ceflexve. Lex

T: WHP(E)1=> E
M > (M,0)

One con check Hall T S sa TSmTré . Sne W’P) 5 Bamedn , W Eollows Hhadl
T(W"? @) €E is o dosed subspatc. Since osed sobspaces of reflexive spaces
e ceflerive, we conclude .

@ Lf (x) 15 se‘n(«\a\e Roc @l 22pcioo  ( THEDREH 6.3S ) This E:= LP@X3P(T)
s sepacable  (immediaTe chec) . Consder T os abow . As g S9BseT of o
separalde Spce s Se?ura;blc) feomw e incbsion T(WY? (1)) €S E  we condode .

@ toupw; (c::m @oml @, n



Th +he abowe Proo? , foint @ , We &owed o genecal o (Wit s wecThy of

&S own  hyabered Rewart .

REMARE F. 4% Let Junte WP () be sach +har
{aﬂw = AL n Lf x)

Ay, > 3 w P&

Thee n,> 4 in WP(T) ad we W (T),

A Sialoc V\EM(L \noeo\s also —(:-.:( weolk- Cowic(‘aeno(_.

REMARK F.48 Lt {ua¥ € HY(T) be soh T

{\ My — \Nta\f—\a " L*( I)

‘&'L .. } wealkly Jn L_Z ( 1‘)

u‘l‘H'\, l:( =3 P

TL\UL me HH(T) with u:g n the weak seuse awd My =>4 ni().

P“DO(‘ As wm, € H'&(_‘;) H'\E‘L

@ Su&a“—gﬁmeax . 3 Rect(x)
I

T

Ynen,

As l:h) is Hi\bﬂrh, we bawe Mo 122 "= [FCTY S Cg(l’)éLz(I),

bca +he week Condefgence by =>ar | We gef

gun“é C‘X — gu«éax .
T T

STW\R\M\}, XS AA,.—>2, , U gk

g'&n‘?ax ——>gg~?c\x
I z



Then we  Gon fass o the bmit W () and 5&' Hux J:k=5 n e weal Semse .
hs aeI}(I), we et ae HP(TL). 3F ve H(T) we get

* L] . .
<u,,,0'>H,- <u,,,\T>L7, + <,u,,)\r >L" — <M,¢>L,_+ <M’\F>L7' = <A’P>H’l

S\f\aw‘ma thal Mg =4 weeltly in HP (). a

We. wow peode. one of the main results on A- dimensonal Sobooley $uncXions ; V\muelg,) hal™
4'\\28 ore CopNTINUoUS  and -Hma oce. PRIHITIVES of (f Suncrions,

THEDREH *.49 Le¥ T =(a,b) be bounded or vabeosnded ; and R e
Lot me WP (T). Then thee 3 HeC(T) s+

~
A = an a.2. on X

omd
X

H(xl'ﬁfa)=gl:*(k)clb ) 4»(,046 -
¢

NoTe Theocewn +49 ¢ Ska:v\a thad 1F me wh P (I) Fheu I X conTiwoS in the Sauut

ea\\)NMu\ce doss oF w. We wdl o tHhe CONTINUoWS REPRESENTATNG of o,
owd in +he WiTure we jusT demTe it 5(7 AL

Dw\'v\a He F(‘oo@ oF Tueorsr *-49 we veed Hae Pouwna lewura .

LA .20 T =(a,L) , geLf’C (3). Fix Yo € T and define
X
MU(x):= & g(ﬂdb ) \Lx e X.
%o

Then me CCE) oand .,(:L-zé_ M the weal Seuse .



