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Problem 7.1 (20 pts). Let (X, d) be a metric space, f : X → R. Recall that R := R ∪ {±∞}
and that the LSC Envelope of f is defined by

f̄(x) := inf

{
lim inf
n→+∞

f(xn) : {xn} ⊂ X, xn → x

}
.

(a) Prove that f is LSC at x0 if and only if

f(x0) = f̄(x0) .

(b) Let g : X → R. Prove that
f + g ≥ f̄ + ḡ .

(c) Let g : X → R be continuous. Prove that

f + g = f̄ + g .

(d) Find one example of metric space (X, d) and functions f, g : X → R such that

f + g > f̄ + ḡ

for at least one x ∈ X.

Hint: (c) Use Propositions 10.15 and 10.8 in the Lecture Notes.

Problem 7.2 (20 pts). Let X := L2(a, b) equipped with the metric d induced by the L2 norm.
Define F,G : X → R by

F (u) :=

{∫ b

a
u̇2 dx if u ∈ C1[a, b]

+∞ if u ∈ X ∖ C1[a, b]
G(u) :=

{∫ b

a
u̇2 dx if u ∈ H1(a, b)

+∞ if u ∈ X ∖H1(a, b)

Prove that F̄ = G by using Proposition 10.18 in the Lecture Notes applied with X, d, f = F ,
g = G and D = C1[a, b].

Hint: You may find the following results in the Lecture Notes useful: Theorem 7.27, Theorem 7.24,
Corollary 7.10.
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Problem 7.3 (20 pts). Let (X, d) be a metric space, fn, f : X → R. Suppose that

(i) fn → f uniformly on compact sets of X,

(ii) f is LSC.

Prove that fn → f in the sense of Γ-convergence.

Hint: If xn → x0 then the set K := {xn, n ∈ N} ∪ {x0} is compact in (X, d).

Problem 7.4 (20 pts).

(a) (X, d) metric space. Suppose that fn, f : X → R are such that fn → f in the sense of
Γ-convergence. Moreover assume that gn, g : X → R are such that

(i) gn → g uniformly on compact sets of X,

(ii) g is continuous.

Prove that
fn + gn → f + g

in the sense of Γ-convergence.

(b) Let X = R. Define

fn(x) := arctan(nx) +
x2

n
for x ∈ R .

Compute the Γ-limit of fn in R as n → +∞.

Problem 7.5 (20 pts). Let a < b and An : [a, b] → R be a sequence of functions such that

(i) An ≥ 0 a.e. in (a, b), for all n ∈ N,

(ii) An ≤ M a.e. in (a, b), for all n ∈ N, for some M > 0,

(iii) An ⇀ A weakly in L2(a, b).

Define the functionals Fn, F : L2(a, b) → R by

Fn(u) :=

{∫ b

a
u̇2 +Anu

2 dx if u ∈ C1[a, b]

+∞ otherwise
F (u) :=

{∫ b

a
u̇2 +Au2 dx if u ∈ H1(a, b)

+∞ otherwise

Prove that Fn → F in the sense of Γ-convergence with respect to the L2(a, b) metric.

Hint: You may find the following results in the Lecture Notes useful: Theorem 7.27, Theorem 7.24.
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