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Problem 5.1 (20 pts).
(a) Let —0o < a < b < 400 and u € C'([a,b]). Prove that u € W1P(a,b) for all 1 < p < 4oc0.
(b) Define u(z) := |z| + 1. Prove that u € WHP(—1,1) for all 1 < p < +oo.
(c) Define

u(x) :=

1 ifx >0,
-1 ifz<0.

Prove that u ¢ WP(—1,1) for any 1 < p < +o0.

Hint: (c) Argue by contradiction and consider a sequence of Cut-off functions around the origin
with supports converging to {0}.

Problem 5.2 (30 pts) - Characterization of Sobolev functions.
(a) Let I C Rbeopenand 1 < p < +oo. Assume that w € LP(I). Prove that they are equivalent:

(i) uweWwhr(I),
(ii) There exists a constant C' > 0 such that

‘/ugp’dw
I

where p’ =p/(p —1).

< Clloll 1 for all gaeCCl(I),

(b) Let I C R be open and p = 1. Does the equivalence between (i) and (ii) in point (a) hold?

Hint: (a) For the implication (ii) = (i), consider the functional T': C}(I) — R defined by
T(p) := [; ug’ dz. Can it be extended to L (I)?

Problem 5.3 (30 pts) - Another characterization of Sobolev functions.
Let 1 < p < 400 and u € LP(R). Prove that they are equivalent:

(1) uwe WHP(R),
(IT) There exists a constant C' > 0 such that
| Thu — ull, < Clhl forall heR,
where (pu)(z) := u(x + h).

Hint: For (I) = (II) use that if u € W'P(R) then u(y) — u(z) = [Y4/(t)dt for a.e. 2,y € R.
For (II) = (1), show that (II) implies (ii) in Exercise 5.2. The following identity may be use-
ful: for all p € CL(R),u € LP(R) one has [, u(x)[p(x+h)—@(x)] de = [;[u(z—h)—u(z)]p(z) dz.



Problem 5.4 (20 pts) - Generalized Poincaré Inequality. Let I = (a,b) be bounded and
1 <p< +oo. Let V.C WHP(I) be a subspace such that

(i) Vis closed in WHP(T),
(ii) If w € V is constant, then u = 0.

Prove that there exists a constant C' > 0 such that

Nl < C Nl Lo forall weV.

Hint: Follow the lines of the Proof by Contradiction of Theorem 7.35 in the Lecture Notes.



