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In the following we will adopt the definitions given in Worksheet 4.

Weak topologies: let X be a real LCS and denote by 7 the topology induced by the family of
seminorms P. Consider the topological dual of X with respect to 7, defined by

X=X, 7)" ={2": X - R: 2" linear and 7-continuous}.
Notice that X* has a natural vector space structure, with
(" + M) (x) == 2" (z) + Ay™(x) for 2", y" e X" AeRzreX
For some z* € X* we define the map
per: X >R by pge(x):=|z%(z)] forall ze€X.

It is immediate to check that p,- is a seminorm on X. The weak topology on X (denoted by wk) is
defined as the topology induced by the family of seminorms {p,~: z* € X*}. Similarly, for z € X
define the seminorm

Pr: X" =R by pg(z¥):=z"(x)] foral a*eX*.

The weak* topology on X* (denoted by wk*) is the topology induced by the family of seminorms
{ps: © € X}. Notice that both (X,wk) and (X*, wk*) are LCS. Therefore one has naturally a
second topology on X, in addition to 7.

Problem 5.1 (30 pts).

a) Let X be a real vector space and ¢, ¢1,...,9,: X — R be linear functionals. Show that (i)
and (ii) are equivalent, where

i) There exist a1, ..., a, € R such that p(x) = Z?:l a;pi(z) for all z € X,
ii) (N7_, ker ;) C ker ¢, where ker denotes the kernel.

Hint: Consider the maps 7: X — R"™ where 7(z) := (¢1(2),...,pn(z)) and F: 7(X) - R
where F(7(z)) := ¢(z). Is F well defined?

b) Let X be a real LCS, 7 its topology and X* its dual. Prove that
(X" wk™)* =X,

in the sense that if ¢: X* — R is linear and weak* continuous, then there exists x € X
(depending on ¢) such that ¢(x*) = x*(z) for all 2* € X*.

Hint: Recall the definition of open set with respect to a topology defined by seminorms (see
Worksheet 4) and apply it to {x* € X*: |p(2*)| < 1}. Then use (a).



Metrizable LCS: Let (X, 7) be a real LCS with the topology 7 induced by the separating family
of seminorms P = {pa }aca (so in particular (X, 7) is Hausdorff). Assume that d: X x X — R is
a translation invariant metric on X, that is, d is a metric on X and

dlx+a,y+a)=d(z,y) foral =zy,a€X. (1)

Denote by 74 the topology induced by d on X. Since (1) holds, the topology 74 is local, meaning that
it is determined (up to translations) by the neighbourhood system at 0, given by & = {Us: 6 > 0}
where Us := {z € X : d(z,0) < §}. Recall that also 7 is local, with the neighbourhoods of 0 given
by V={Vac:a€ A e >0} where V. :={z € X: p.(z) <e}.

We say that X is metrized by d if 7 = 74, in the sense that for each Us € U there exists some
Va,e € V such that V,, . C Us, and for each V,, . € V there exists some Us € U such that Us C V.
We say that (X, 7) is metrizable if there exists a translation invariant metric d such that 7 = 74.

Problem 5.2 (30 pts). Let X be a real LCS whose topology 7 is generated by a countable
family of separating seminorms P := {p,, }nen. Show that X is metrizable, by following the strategy
below:

a) Define the map d: X x X — R by

Z pn T — )
— 2" 1+ pn T — )
Show that d is a translation invariant metric on X.

Hint: The scalar map t — is increasing for ¢ > —1 and bounded by 1 from above.

1+t
b) Denote by 74 the topology induced by d on X. Show that 74 = 7 (in particular you showed
that (X, 7) is metrizable).
Hint: You can assume that p,(z) < ppy1(x) for all n € N, x € X (since the family of
seminorms {g¢,} defined by ¢, (z) := maxy<, px(z) induces the topology 7 and ¢, < ¢n+1).
Also recall that Y2F_, 277 =1 —27% and o1 2 =27

Dual of continuous functions: Let (K, 7) be a compact Hausdorff topological space and consider
the Banach space C(K) := {f: K = R: f is 7-continuous} equipped with the supremum norm
| flloo = sup,ex |f(x)]. We denote by M(K) the space of bounded Borel measures on K. If
uw € M(K) we denote by |u| its total variation measure. Recall that M(K) equipped with the
norm ||| := |p|(K) is a Banach space. The Riesz theorem states that the dual of (C(K), ||| )
coincides with M(K'). More precisely:

Theorem (Riesz): Let (K,7) be a compact Hausdorfl topological space. Let p € M(K) and
define the functional A,: C(K) — R by

AL(f) ::/ch(ac)du(x) forall feC(K).

Then A, is linear and continuous, and its operator norm satisfies ||A,| = |p|(K). Conversely, let
A: C(K) — R be a linear and continuous functional. Then there exists a unique u € M(K) such
that A = A,

In view of the above theorem we have that a sequence {f,}neny C C(K) is weakly converging to
some f € C(K) if and only if

/fn(x)du(a?)%/f(x)du(x) as  n — 0o
K K

for all p € M(K) fixed. We also recall the dominated convergence theorem in higher generality:

Theorem (Dominated convergence): Let K be a compact Hausdorff space and fix p € M(K).
Let f,: K — R be a sequence of p-measurable maps such that

i) fu(z) = f(z) for p-ae. z in K, as n — oo,
ii) sup,, |fn(z)| < g(z) for p-a.e. x in K, with g: K — Ris g-measurable and [, g(x) du(z) < oc.
Then f is p-measurable and [, |fn(z) — f(x)| du(z) — 0 as n — oco.



Problem 5.3 (20 pts). Let K be a compact Hausdorff space and consider the Banach space
C(K) equipped with the supremum norm.

a) Let fy, f € C(K) for n € N. Show that conditions (i) and (ii) given below are equivalent:

i) fn weakly converges to f as n — oo,

ii) sup, ey || falle < o0 and fr(x) = f(x) as n — oo for all € K fixed.
Hint: Use dominated convergence and Riesz theorem.
b) Let ¢ € C[0,1] be fixed and define the sequence {f,} C C[0,1] by setting
fa(x) = p(z™) for =z€][0,1].
By using (a), prove that conditions (i’) and (ii’) given below are equivalent:

") fn weakly converges to some f € C[0, 1] as n — oo,
i) ¢(0) = p(1).

Weak completeness: Let X be a real normed space. We say that a sequence {x,}neny C X is
weakly Cauchy if for every z* € X* the sequence {a*(z,)}nen is Cauchy in R. We say that X is
weakly sequentially complete if every weak Cauchy sequence is weakly convergent.

In the next exercise we will see that reflexivity is sufficient for weak sequential completeness, but
not necessary.

Problem 5.4 (20 pts).

a) Let X be a reflexive Banach space. Show that X is weakly sequentially complete.
Hint: Principle of uniform boundedness and Banach-Alaoglu might be useful.

b) Consider the Banach space C]0, 1] equipped with the supremum norm. Prove that C[0, 1] is
not weakly sequentially complete.

Hint: Examine the sequence f,, defined by f,(x):=1—nz if 0 <z < 1/n and f,(x):=0 if
1/n<z<1.



