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Sparse optimization Algorithms for
Dynamic Imaging

based on joint works with
Kristian Bredies, Marcello Carioni, Francisco Romero, Daniel Walter
Outline
© Minimization Problem / Sparsity

@ Algorithm for sparse solutions

© Dynamic Imaging: Particle Tracking problem
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Minimization Problem UNIVERSITY

X Banach space. Solve

min L(u) + R(u)

ueX

» L ~ Loss function: Smooth + Convex
L:X — [0,00) (Close to data)

» R ~ Regularizer: Convex + 1-homogeneous

R: X — [0, 0] (Promotes Sparsity)

Note: Compactness assumptions = Minimizer exists

[1] Bredies, Carioni, Fanzon, Walter. Mathematical Programming (2023)
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Sparsity UNIVERSITY

OF HULL

Unit Ball of regularizer R

B:={ue X: R(u) <1}
Extremal Points: v € B s.t.
u=oau + (1 —a)us

a€(0,1), u,us € B

Definition: u € X sparse
Conic combination

N
U:ZAiUi, )\120, UiGEXt(B)
=1

[1] Bredies, Carioni, Fanzon, Walter. Mathematical Programming (2023)
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Main Task T

OF HULL

Numerical Algorithm to compute

a € argmin L(u) + R(u)
ueX

which is sparse

N
Z iUy >0, u; €Ext(B)

Examples:

» Portfolio optimization ~» R¢
» Training 2-Layer Neural Networks ~» M (R¢) Radon Measures

» Microstructures in Materials ~+ BV(RY) Bounded Variation
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Example: Radon Measures UNIVERSITY

Banach space: X = M(RY) Radon measures

Sparse Source ldentification

(Diffusion-Advection Equation)

= Z)\i O

Regularizer:  R(u) == ||p]l o, Ext(B) = {£6, : = € R4}

Figure from: Monge, Zuazua. Systems & Control Letters (2020)
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Algorithm: Classic Frank-Wolfe UNIVERSITY

008
LK
. o SOIK
Problem: Constrained minimization o
min L(z)
zeC

» L:RY — Rregular convex

» C c RY convex compact set

C

M. Jaggi. Proceedings of Machine Learning Research (2013)

Minimization Problem Sparsity Algorithm Convergence Dynamic I[P Dynamic MRl Outro Silvio Fanzon 6/ 20




C@EpN

Algorithm: Classic Frank-Wolfe UNIVERSITY

Frank-Wolfe Algorithm: Given z* € C
© Insertion: Solve linearized problem

q k ~

min (VF(x%),2) +— Z

© Convex update: Set

el =gk a@-2F), o= —

M. Jaggi. Proceedings of Machine Learning Research (2013)
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Algorithm: Generalized Frank-Wolfe UNIVERSITY

OF HULL

min G(u), G:=L+R
ueX

Idea: Set B = {R < 1}. Consider
min L(u) + Xp(u) <= min L(u)

ueX ueB

Descent Direction: Solve

min (VL(u),v) +— D

Lemma([l]. 7 € Ext(B)

[1] Bredies, Carioni, Fanzon, Walter. Mathematical Programming (2023)
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Algorithm: Generalized Frank-Wolfe UNIVERSITY

Sparse k-th iterate

Uk
n [ ) [ ]
Uk = Z )\L Uj > °® ?
=1 ° [ ]
A >0, wu;€ EXt(B) . o Uj

© Insertion Step: Solve

¥ € argmin (VL(U*),v)
vEExt(B)

[1] Bredies, Carioni, Fanzon, Walter. Mathematical Programming (2023)

Minimization Problem Sparsity Algorithm Convergence Dynamic IP Dynamic MRl Outro Silvio Fanzon 8/ 20




C@EpN

Algorithm: Generalized Frank-Wolfe UNIVERSITY

Sparse k-th iterate

Uk
n Y [ )
=1 [ ]
[ J
A >0, wu;€ EXt(B) . o Uj

© Insertion Step: Solve

¥ € argmin (VL(U*),v)
vEExt(B)

@ Fully-Corrective Step: Setu, 1 :=7

[1] Bredies, Carioni, Fanzon, Walter. Mathematical Programming (2023)
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Algorithm: Generalized Frank-Wolfe UNIVERSITY

Sparse k-th iterate

Uk
n Y [ )
k [}
U" = Z )\L U; °® Un+1
=1 ° [
A >0, wu;€ EXt(B) . o Uj

© Insertion Step: Solve
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@ Fully-Corrective Step: Setu, 1 :=7
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Algorithm: Generalized Frank-Wolfe UNIVERSITY

Sparse k-th iterate

Uk
n [ ) [ ]
[}
Uk = Z)\L U; .'un,+l
=1 ° [
A >0, wu;€ EXt(B) . o Uj

© Insertion Step: Solve

¥ € argmin (VL(U*),v)
vEExt(B)

@ Fully-Corrective Step: Setu,; :=v . Optimize coefficients

n+1 n+1
(AL, Ahg) € argminG(Z/\iui> ~ TR ::Z/\:Ui
A .
i=1

20 i=1

[1] Bredies, Carioni, Fanzon, Walter. Mathematical Programming (2023)
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Algorithm: Generalized Frank-Wolfe UNIVERSITY

Sparse k-th iterate

Uk+1
n . [ J
Uk = )\L Ui Un+1
2 o
[
A >0, wu;€ EXt(B) ‘ o Uj;

© Insertion Step: Solve

¥ € argmin (VL(U*),v)
vEExt(B)

@ Fully-Corrective Step: Setu,; :=v . Optimize coefficients

n+1 n+1
(AL, Ahg) € argminG(Z/\iui> ~ TR ::Z/\:Ui
A .
i=1

20 i=1

[1] Bredies, Carioni, Fanzon, Walter. Mathematical Programming (2023)
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Convergence Analysis UNIVERSITY

U* sparse iterate generated by Algorithm. Then

vk &oa, % e€argmnG, G:=L+R
General convergence is sublinear

G(U*) —minG < 1

ol

Highlight: @ sparse + “source condition” =— linear convergence

1
G(U*) —minG < o

[1] Bredies, Carioni, Fanzon, Walter. Mathematical Programming (2023)
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Linear Convergence Assumptions UNIVERSITY

© Minimizer of G := L + R is sparse
M B
= Z X U i; € Ext(B) o
=1

@ Source condition: dual variable
p:=—VL(a) °

is maximized exactly at u;

argmax (p,v) = {u1,... ,Un}
vEExt(B)

© Quadratic growth of p around u;
]‘_<p7u>zg(uvui)2a U~ U

where g is “distance” on Ext(B)

[1] Bredies, Carioni, Fanzon, Walter. Mathematical Programming (2023)
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Linear Convergence Assumptions UNIVERSITY

© Minimizer of G := L + R is sparse

. S Uy
M Lo I e "
u = Z )\7, ’[Li 5 ’112 & EXt(B) " ° \, ‘\ //
i=1 \ ’ ™
- .
- . L e
@ Source condition: dual variable PO N
Ve -~ \\ 1 ° \, -
p:=—VL(a) Ce N,
\ ’ -
is maximized exactly at u; T
argmax (p,v) = {U1,... ,Un} JEEN
veExt(B) I R
\ L] ] L4 [ ]
© Quadratic growth of p around u; N4
= 2
1—(pu) 2 glu,wi)”, u~uy Uk

where g is “distance” on Ext(B)

[1] Bredies, Carioni, Fanzon, Walter. Mathematical Programming (2023)
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Linear Convergence Assumptions UNIVERSITY

© Minimizer of G := L + R is sparse

. S Uy
M Lo I e "
u = Z )\7, ’[Li 5 ’112 & EXt(B) " ° \, ‘\ //
i=1 ve P
® , N
A A e
@ Source condition: dual variable PO < L
Ve -~ \\ 1 ° \, -
p:=—VL(a) Ce N,
\ ’ -
is maximized exactly at u; T
argmax (p,v) = {U1,... ,Un} JEEN
veExt(B) I R
\ L] ] L4 [ ]
© Quadratic growth of p around u; N4
= 2
1—(pu) 2 glu,wi)”, u~uy Uk
[}

where g is “distance” on Ext(B)

[1] Bredies, Carioni, Fanzon, Walter. Mathematical Programming (2023)
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Linear Convergence Assumptions UNIVERSITY

© Minimizer of G := L + R is sparse

S Us
M JPEN y’ . \' @
u = Z )\7, ’[Li 5 ’112 & EXt(B) " ° \, ‘\ //
i=1 e’ =
2 p N
A ] o
@ Source condition: dual variable JEEN ‘\\ L
/’ = \\ 1 ° \' -
p:=—VL(d) e N s
\ 4 =
is maximized exactly at u; -
argmax (p,v) = {U1,... ,Un} PR
vEExt(B) 1 b
e | @ [ )
© Quadratic growth of p around u; AR
= 2
1—(pu) 2 glu,u;)*, u~wuy [k+1

where g is “distance” on Ext(B)

[1] Bredies, Carioni, Fanzon, Walter. Mathematical Programming (2023)
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Linear Convergence Assumptions UNIVERSITY
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vEExt(B) .’ ® b
e | @ [ )
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Linear Convergence Assumptions UNIVERSITY

© Minimizer of G := L + R is sparse

S Us
M JPEN y’ . \' @
u = Z )\7, ’[Li 5 ’112 & EXt(B) " ° \, ‘\ //
i=1 e’ =
2 p N
A ] o
@ Source condition: dual variable JEEN ‘\\ L
/’ = \\ 1 ° \' -
p:=—VL(d) e N s
\ 4 =
is maximized exactly at u; -
argmax (p,v) = {U1,... ,Un} PN
vEExt(B) .’ ® b
e | @
© Quadratic growth of p around u; AR
= 2
1—(pu) 2 glu,u;)*, u~wuy [k+2

where g is “distance” on Ext(B)

[1] Bredies, Carioni, Fanzon, Walter. Mathematical Programming (2023)
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Linear Convergence Assumptions UNIVERSITY
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Linear Convergence Assumptions UNIVERSITY

© Minimizer of G := L + R is sparse

S Us
M JPEN y’ . \' @
u = Z )\7, ’[Li 5 ’112 & EXt(B) " ° \, ‘\ //
i=1 e’ T e
- 1 o\
A ] o
@ Source condition: dual variable JEEN ‘\\ L
/’ = \\ 1 ° \' -
p:=—VL(d) e N s
\ 4 =
is maximized exactly at u; -
argmax (p,v) = {U1,... ,Un} PN
vEExt(B) .’ ® b
[ A |
© Quadratic growth of p around u; AR
= 2
1—(pu) 2 glu,u;)*, u~wuy [k+3

where g is “distance” on Ext(B)

[1] Bredies, Carioni, Fanzon, Walter. Mathematical Programming (2023)
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Linear Convergence Assumptions UNIVERSITY

© Minimizer of G := L + R is sparse

M ’ \\ (173
_ , e~ 4 ° 1
’[L:Z)\Z’[LZ 5 U; GEXt(B) " PY \, ‘\ .//
i=1 e’ IR
- 1 o\
A ] o
@ Source condition: dual variable JERN ‘\\ L
’ -~ \\ 1 ° \' -
p:=—VL(a) ool O
AR
is maximized exactly at u; -
argmax (p,v) = {U1,... ,Un} PN
vEExt(B) .’ ® b
[ A |
© Quadratic growth of p around u; AR
= 2
1—(pu) 2 glu,u;)*, u~wuy yk+m

where g is “distance” on Ext(B)

[1] Bredies, Carioni, Fanzon, Walter. Mathematical Programming (2023)
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Application: Dynamic MRI

C@EpN
UNIVERSITY
OF HULL

= g L
.
Frame-by-Frame: MRIData y; ~ Image u;

ot
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Application: Dynamic MRI UNIVERSITY

> yt lL[/t [ Zumie \\
------ |\
| N / .
{ N,
{ AN
{ A
\ A
. \ . o
L e i
— \ H
- | !
ST . | /
@ ! !
\ g i
ot
= e
A —
/
/
/
/
/
N e & & —— [ J

Frame-by-Frame: MRIData y; ~ Image u; = Interpolate Trajectories
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Application: Dynamic MRI UNIVERSITY

; Yt Mt

- 2

o C ?
-— ) L—u.u ~
?
[}
B

3
pe = Z Oai(t)
=1

Frame-by-Frame: MRIData y; ~ Image u; = Interpolate Trajectories

Issue: Motion — Low ScanTime — Low Data y; ~» Particles?

Global-in-Time: Full Time-Series ¢t +— y; ~» Trajectories t+— p;
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Dynamic Inverse Problem UNIVERSITY

Framework:

» Image frame: Spatial domain Q c RY

» Images: Modelled as Radon Measures p € M()
> Data spaces: Hilbert spaces H, for ¢ € [0, 1]
>

Measurement Operators: linear continuous maps

K;: M(Q) — H;

v

Data points: Curve ¢t — y; with y; € H;

Dynamic Inverse Problem: Find curve of measures ¢ — u; € M(Q) s.t.

Kipy =y, forall te]0,1]

[2] Bredies, Fanzon. ESAIM: Mathematical Modelling and Numerical Analysis (2020)
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UNIVERSITY
OF HULL

Motion-Aware Regularization

Trajectories: Curve of measures
te€0,1]

= e € M(Q) )

Assumptions:
> 1, satisfies Continuity Equation

.
\
H
]
|
]
|
|
!
/
/!
/
e
e
7
p
!
i
¥
3
=/

8t,ut + diV(’Ut’ut) = 0
for some velocity field (to find) N
g
v R?2 5 R? =
i (t)
» Finite Kinetic Energy
pe = Z )

1
/ / [ve(2))? de () dt < oo
0 JRr?
[2] Bredies, Fanzon. ESAIM: Mathematical Modelling and Numerical Analysis (2020)
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Motion-Aware Regularization UNIVERSITY

Minimization Problem: Givendata ¢+— y; € H;

Kipe =y~ min L) + R(p,v)

» [ ~ Loss Function: Fits¢+— u; to givendata ¢~ y;

1
D) = / Kot — el dt
0

> R ~- Regularizer:

1
R(,v) ::/O /1R2 loe(2)]? dpe(z)dt st Dy + div(vy) = 0

Continuity Equation

Kinetic Energy

Note: R is connected to Optimal Transport (Benamou-Brenier formula)

[2] Bredies, Fanzon. ESAIM: Mathematical Modelling and Numerical Analysis (2020)
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Extremal Points UNIVERSITY

1
R(u,v) ::/ / log(@)|? dpe(z) dt st Oy + div(vepe) = 0
0o Jr2

Let B = {R < 1}. Then Ext(B) are measures g

t — u; supported on Sobolev Curves

tepe =0y, v€HY(0,1;R?)

Proof Idea: Probabilistic Superposition Principle
for measure solutions to

Oppty + div(vepey) =0 (= gepee)

[3] Bredies, Carioni, Fanzon, Romero. Bulletin London Mathematical Society (2021)
[4] Bredies, Carioni, Fanzon. Communications in PDEs (2022)
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Application: Dynamic Undersampled MRI UNIVERSITY

Fourier Transform: For i € M(Q)

~ ~ 1 &-x 4
a:C—C, ,u[f]:zﬂ/we5 du(x) 04

0.2 1
Sampling Frequencies: }/; time dependent points 001
0.2 1
&,... &y, €C 0.4-€t
—04 —02 00 0j2 0t4
Forward operators: linear continuous Radial Sampling

Ky M(Q) — (CMt ,  Kip= (ﬂ[éﬂ pooo 7/1[55%5])

Dynamic MRI IP: Given t + u; € CMe find t +— p, € M(Q2) s.t

Kt,ut =Yt fOI‘ a” te [O, 1]
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Dynamic MRI: Experiment UNIVERSITY

1.0

0.8+ ’Yl

V2
0.6+

X2

0.2 73

0.0 T T T T
00 02 04 06 0.8 1.0
X1

Ground truth: Curve of measures

fit := Oy (t) + Oy(t) T Oy t)
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Dynamic MRI: Experiment UNIVERSITY
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Dynamic MRI: Experiment UNIVERSITY
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Dynamic MRI: Experiment UNIVERSITY
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Ground truth: Curve of measures

Fie 1= Oy (1) + 0ya(t) T 0a(t)
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Dynamic MRI: Experiment UNIVERSITY
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Ground truth: Curve of measures Data: Defined by
ﬂt = 671 (t) P 572(,5) oty (573(15) Yt = Kt,LLt + 20% Noise
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1 c 1 UNIVERSITY
Dynamic MRI: Experiment UNIVERS
M
Algorithm: Generalized Frank-Wolfe -~ ¢ puf = Z Xi 6,(0)
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Ground Truth Reconstruction with data
= 571(0 + 572(,5) + (573(15) yr = Ky + 20% Noise

[5] Bredies, Carioni, Fanzon, Romero. Found. of Computational Mathematics (2023)
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Conclusion SII;IIP\IIEEEITY

© Algorithm for computing sparse solutions to

min L(u) + R(u)
in Banach space

@ Linear convergence when solution is sparse + “source condition”

© General framework for dynamic inverse problems

O Application to Dynamic MRI
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