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Welcome

These are the Lecture Notes of Numbers Sequences and Series 400297 for 2024/25 at the Univer-
sity of Hull. I will use this material during lectures. If you have any question or find any typo, please
email me at

S.Fanzon@hull.ac.uk

Up to date information about the course, Tutorials and Homework will be published on the Univer-
sity of Hull Canvas Website

canvas.hull.ac.uk/courses/73579

Revision Guide
A Revision Guide to prepare for the Exam is available at

silviofanzon.com/2024-NSS-Revision

Digital Notes
Digital version of these notes available at

silviofanzon.com/2024-NSS-Notes

Readings

We will study the set of real numbers R, and then sequences and series in R. I will follow mainly the
textbook by Bartle and Sherbert [2]. Another good reading is the book by Abbott [1]. I also point
out the classic book by Rudin [3], although this is a more difficult read.


mailto: S.Fanzon@hull.ac.uk
https://canvas.hull.ac.uk/courses/73579
https://www.silviofanzon.com/2024-NSS-Revision
https://www.silviofanzon.com/2024-NSS-Notes/

Numbers Sequences and Series Dr. Silvio Fanzon - S.Fanzon@hull.ac.uk

! You are not expected to purchase any of the above books. These lecture notes will cover
100% of the topics you are expected to known in order to excel in the Homework and Final
Exam.




1 Introduction

The first aim of this lecture notes is to rigorously introduce the set of Real Numbers, which is
denoted by R. But what do we mean by real numbers? To start our discussion, introduce the set of
natural numbers (or non-negative integers)

N=1{0,1,2,3,4,5,...}

On this set we have a notion of sum of two numbers, denoted as usual by

n+m

for n,m € IN. Here the symbol € denotes that m and n belong to IN. For example 3 + 7 results in 10.
Question 1.1
Can the sum be inverted? That is, given any n,m € IN, can you always find x € IN such that

n+x=m? (1.1)

Of course to invert (1.1) we can just perform a subtraction, implying that

X=m-—n.

But there is a catch. In general x does not need to be in IN. For example, take n = 10 and m = 1.
Then x = —9, which does not belong to IN. Therefore the answer to Question 1.1 is NO.

To make sure that we can always invert the sum, we need to extend the set IN. This is done simply
by introducing the set of integers

Z :={-n,n: neN},
that is, the set
7 = {...,—3,—2,—1,0,1,2,3,...}.

The sum can be extended to Z, by defining

(-n)+ (—m) := —(m +n) (1.2)
7
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for all m,n € N. Now every element of Z possesses an inverse, that is, for each n € Z, there exists
m € Z, such that
n+m=20.

Can we characterize m explicitly? Yes; Seeing the definition at (1.2), we simply have
m=-n.
On the set Z we can also define the operation of multiplication in the usual way. For n,m € Z, we
denote the multiplication of n times m by
nm or n-m.
For example 7-2 =14 and 1-(-1) = —1.

Question 1.2

Can the multiplication in Z be inverted? That is, given any n,m € Z, can you always find x € Z
such that
nx=m? (1.3)

To invert (1.3) if n # 0, we can just perform a division, to obtain

m
X=—.
n

But again there is a catch. Indeed taking n = 2 and m = 1 yields x = 1/2, which does not belong to
Z. The answer to Question 1.2 is therefore NO.

Thus, in order to invert the multiplication, we need to extend the set of integers Z. This extension
is called the set of rational numbers, defined by

Q::{m : m,nEZ,niO}.
n

We then extend the operations of sum and multiplication to Q by defining

m, P _matnp

n q qu
and

m P ._mp

Now the multiplication is invertible in Q. Specifically, each non-zero element has an inverse: the
inverse of m/n is given by n/m.

To summarize, we have extended IN to Z, and Z to Q. By construction we have
NcZco.
Moreover sum and product are invertible in Q. Now we are happy right? So and so.

8
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Question 1.3

Can we represent the set Q with a drawing?

It is clear how to draw Z, as seen below.

-4 -3 -2 -1 0 1 2 3 4
Figure 1.1: Representation of integers Z

However Q is much larger than the set Z represented by the ticks in Figure 1.1. What do we mean
by larger? For example, consider 0 € Q.

Question 1.4

What is the number x € Q which is closest to 0?

There is no right answer to the above question, since whichever rational number m/n you consider,
you can always squeeze the rational number m/(2n) in between:

m _m
0< —< —.
2n n
For example think about the case of the numbers

1
—fornelN,n#0.
n

Such numbers get arbitrarily close to 0, as depicted below.

| |l |
1 T 1T

Figure 1.2: Fractions % can get arbitrarily close to 0

Maybe if we do the same reasoning with other progressively smaller rational numbers, we manage
to fill up the interval [0, 1]. In other words, we might conjecture the following.

Conjecture 1.5

Maybe Q can be represented by a continuous line.

Do you think the above conjecture is true? Conjecture 1.5 is false, as shown by the Theorem below.
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Theorem 1.6

The number +/2 does not belong to Q.

Theorem 1.6 is the reason why +/2 is called an irrational number. For reference, a few digits of v/2
are given by
V2 = 1.414213562373095048 ...

and the situation is as in the picture below.

Figure 1.3: Representing /2 on the numbers line.

We can therefore see that Conjecture 1.5 is false, and Q is not a line: indeed Q has a gap at /2. Let
us see why Theorem 1.6 is true.

Proof: Proof of Theorem 1.6

We prove that
J2¢Q

by contradiction.
Wait, what does this mean? Proving the claim by contradiction means assuming that the claim
is false. This means we assume that

V2€0Q. (14)

From this assumption we then start deducing other statements, hoping to encounter a statement
which is FALSE. But if (1.4) leads to a false statement, then it must be that (1.4) was FALSE to
begin with. Thus the contrary of (1.4) must hold, meaning that

V2¢Q

as we wanted to show. This would conclude the proof.
Now we need to actually show that assuming (1.4) will lead to a contradiction. Since this is our
first proof, let us take it slowly, step-by-step.

1. Assuming (1.4) just means that there exists g € Q such that

q=v2. (1.5)

2. Since q € Q, by definition we have

for some m,n € IN with n # 0.

10
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3. Recalling (1.5), we then have
2z
2
(1.6)

5. Withouth loss of generality, we can assume that m and n have no common factors.
Wait. What does Step 5 mean? You will encounter the sentence withouth loss of
generality many times in mathematics. It is often abbreviated in WLOG. WLOG
means that we can make some extra assumption which does not affect the

validity of the proof in general.
For example in our case we can assume that m and n have no common factor.

This is because if m and n had common factors, then it would mean

m=am, n=an
for some factor a € N with a # 0. Then
m_am _m
n an i
Therefore by (1.6)
~2
UES
72

and this time m and 7i have no common factors by construction. The proof
can now proceed in the same way it would have proceeded from Step 4, but in

addition we have the hypothesis that /i and 7i have no common factors.

(17)

6. Equation (1.6) implies
m? = 2n?.

Therefore the integer m? is an even number.

Why is m? even? As you already know, even numbers are

0,2,4,6,8,10,12,...
All these numbers have in common that they can be divided by 2, and so they

can be written as
2p

for some p € IN. For example 52 is even, because

52=2-26.

11
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Instead, odd numbers are
1,3,5,7,8,9,11, ...

These can be all written as
2p+1
for some p € IN. For example 53 is odd, because
52=2-26+1.
7. Since m? is an even number, it follows that also m is an even number. Then there exists
p € N such that
m=2p. (1.8)
Why is m even if m? is even? Let us see what happens if we take the square of
an even number m = 2p

m* = (2p)* = 4p® = 2(2p*) = 2q.

2

Thus m? = 2q for some ¢ € N, and so m? is an even number. If instead m is

odd, thenm =2p+1and
m?2=@2p+1)2=4p®> +4p+1=202p° +2p)+1

showing that also m? is odd.
This proves Step 7: Indeed we know that m? is an even number from Step 6. If
m was odd, then m? would be odd. Hence m must be even as well.

8. If we substitute (1.8) in (1.7) we get
m? =2n* — (2p)* =2n* — 4p* = 2n?
Dividing both terms by 2, we obtain
n? =2p%. (1.9)

9. We now make a series of observations:

Equation (1.9) says that n? is even.

« The same argument in Step 7 guarantees that also n is even.
« We have already seen that m is even.

« Therefore n and m are both even.

« Hence n and m have 2 as common factor.
« But Step 5 says that n and m have no common factors.
« CONTRADICTION

10. Our reasoning has run into a contradiction, stemming from assumption (1.4). Therefore
(1.4) is FALSE, and so
J2¢Q

ending the proof.

12
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Seeing that v2 ¢ Q, we might be tempted to just fill in the gap by adding V2 to Q. However, with
analogous proof to Theorem 1.6, we can prove that

JreQ

for each prime number p. As there are infinite prime numbers, this means that Q has infinite gaps.
Then we might attempt to fill in these gaps via the extension

@:=Quip: p prime}.

However even this is not enough, as we would still have numbers which are not contained in Q, for

example )
V2 + 43, 7[,71—%-\@&@.

Conclusion: It is now intuitive to think that there is no straightforward way to fill the gaps of Q
by adding numbers by hand.

Remark 1.7

Proving that

V2+3¢0Q
is relatively easy, and will be left as an exercise. Instead, proving that
T éQ

is way more complicated. There are several proofs of the fact, all requiring mathematics which
is more advanced than the one presented in this course. For some proofs, see this Wikipedia

page.

J

The reality of things is that to complete Q and make it into a continuous line we have to add a lot
of points. Indeed, we need to add way more points than the ones already contained in Q.

Definition 1.8

Such extension of Q) will be called R, the set of real numbers.

The inclusions will therefore be
NcZcQcR.

The set R is not at all trivial to construct. In fact, explicit constructions are so involved and technical,
that they are best left for future reading. It is customary instead to proceed as follows:

« We will assume that R exists and satisfies a set of axioms.

« One of the axioms states that R fills all the gaps that Q has. Therefore R can be thought as a
continuous line.

+ We will study the properties of R which descend from such axioms.

For example one of the properties of R will be the following:

13
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Theorem 1.9: We will prove this in the future

R contains all the square roots. This means that for every x € R with x > 0, we have

Jx eR.

A concrete model for the real numbers R can be constructed using Dedekind cuts. The interested
reader can refer to the Appendix in Chapter 1 of [3], or to the beautifully written Chapter 8.6 in [1].
Such model of R can be used to prove the following Theorem:

Theorem 1.10: Existence of the Real Numbers
There exists a set R, called the set of Real Numbers, which has the following properties:

» R extends Q, that is,
QCR.

« R satisfies a certain set of axioms.
« Rfills all the gaps that Q has. In particular R can be represented by a continuous line.

14



2 Preliminaries

Before introducing R we want to make sure that we cover all the basics needed for the task.

2.1 Sets
A set is a collection of objects. These objects are called elements of the set. For example in the
previous section we mentioned the following sets:

« IN the set of natural numbers
« Z the set of integers

« Q the set of rational numbers
« R the set of real numbers

Definition 2.1
Let A be a set.

1. We write x € A if the element x belongs to the set A.
2. We write x ¢ A if the element x does not belong to the set A.

Remark 2.2

A set can contain all sorts of elements. For example the students in a classroom can be modelled
by a set S. The elements of the set are the students. For example

S = {Alice, Olivia, Jake, Sahab}

In this case we have

Alice € S

but instead

Silvio ¢ S.

15
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2.2 Logic

In this section we introduce some basic logic symbols. Suppose that you are given two statements,
say a and . The formula
a = p

means that « implies §. In other words, if « is true then also f is true.
The formula
a = f

means that « is implied by f: if f is true then also « is true.
When we write
a = f (2.1)

we mean that « and f are equivalent. We also say that « is true if and only if f is true. Note that
(2.1) is equivalent to
a = f and f = «.

Example 2.3

We have that
x>0 = x>-100,

and
contradiction < v2¢€Q.

Concerning <= we have
<2 = —2<x<2.

We now introduce logic quantifiers. These are

« V which reads for all

« 3 which reads exists

« 3! which reads exists unique
« A which reads does not exists

These work in the following way. Suppose that you are given a statement a(x) which depends on
the point x € R. Then we say

« a(x)is satisfied for all x € A with A some collection of numbers. This translates to the symbols
a(x) istrue Vx € A,
« There exists some x in R such that a(x) is satisfied: in symbols
3Ix € R such that a(x) is true,
« There exists a unique x; in R such that a(x) is satisfied: in symbols

3! xy € R such that a(xy) is true,
16
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« a(x) is never satisfied:
2x € R such that a(x) is true.

Example 2.4

Let us make concrete examples:

2 is always non-negative. Thus we can say

« The expression x
x>0 forall x€R.
« The equation x* = 1 has two solutions x = 1 and x = —1. Therefore we can say
3x € Rsuch that x? = 1.
« The equation x* = 1 has a unique solution x = 1. Thus
3'x € Rsuch that x> = 1.

« We know that the equation x? = 2 has no solutions in Q. Then

Ax € Qsuch that x2 = 2.

2.3 Operations on sets

Definition 2.5: Inclusion and equality

Given two sets A and B, we say that A is contained in B, in symbols
ACB,

if all the elements of A are also contained in B. Two sets A and B are equal, in symbols
A=B,

if they contain the same elements.

Remark 2.6
The inclusion A C B is equivalent to the implication:
x€A = x¢€B

for all x € A. The symbol = reads implies, and denotes the fact that the first condition
implies the second.

17
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Definition 2.7: Union and Intersection
For two sets A and B we define their union as the set

AuB:={x: x€ A or x € B}.
The intersection of A and B is defined by

AnB:={x: x€ A and x € B}.
We denote the empty set by the symbol @. Two sets are disjoint if

AnB=09.

Example 2.8

Given two sets A and B we always have

(AnB)CA, (AnB)CB, (2.2)
AC(AuB), BC(AuB). (2.3)
Example 2.9
Define the subset of rational numbers
5
S :={x€Q : 0<x<5}.
Then we have
NnS={1,2}.
We can also define the sets of even and odd numbers by
E:={2n: neN}, (2.4)
O:={2n+1: neN}. (25)
Then we have
NnE=E, NnO=0, (2.6)
OuE=N, OnD=09. (2.7)

18
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Example 2.10

1. The sets
A={1,2,3}, B={31,2}

are equal, that is A = B. This is because they contain exactly the same elements: order
does not matter when talking about sets.

2. Consider the sets
A=1{1,2}, B=1{1,25}.

Then A is contained in B, but A is not equal to B. Therefore we write A C Bor A # B.

J

The next proposition is very useful when we need to prove that two sets are equal: rather than
showing directly that A = B, we can prove that A C Band B C A.

Proposition 2.11
Let A and B be sets. Then

A=B < ACB and BCA.

Proof
The proof is almost trivial. However it is a good exercise in basic logic, so let us do it.

1. First implication = :
Suppose that A = B. Let us show that A C B. Since A = B, this means that all the
elements of A are also contained in B. Therefore if we take x € A we have

x€A = x€B.

This shows A C B. The proof of B C A is similar.

2. Second implication < :
Suppose that A C B and B C A. We need to show A = B, that is, A and B have the same
elements. To this end let x € A. Since A C B then we have x € B. Thus B contains all
the elements of A. Since we are also assuming B C A, this means that A contains all the
elements of B. Hence A and B contain the same elements, and A = B.

19
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2.3.1 Infinite union and intersection

Definition 2.12: Infinite union and intersection
Let Q be a set, and A,, C Q a family of subsets, where n € IN.
1. The infinte union of the A, is the set

UA" :={xeQ: x€A, foratleast one n e N}.
nelN

2. The infinte intersection of the A, is the set

ﬂAn ={xeQ: xe€A, forall neN}.
nelN

Example 2.13

Question. Define Q := N and a family A, by
A, ={nn+1,n+2,n+3,...}, nelN.

1. Prove that

J A, =N. (2.8)
nelN

2. Prove that
ﬂ Ay =0. (2.9)
nelN

Solution.

1. Assume that m € u, A,. Then m € A, for at least one n € IN. Since A,, C N, we conclude
that m € IN. This shows
A cN.

nelN

Conversely, suppose that m € IN. By definition m € A,,. Hence there exists at least one
index n, n = m in this case, such that m € A,. Then by definition m € u,NA,, showing

that
Nc | Ja,.
nelN

This proves (2.8).

2. Suppose that (2.9) is false, i.e.,

ﬂAn:t@.

nelN

This means there exists some m € IN such that m € n,cnA,. Hence, by definition, m € A,
for all n € IN. However m ¢ A1, yielding a contradiction. Thus (2.9) holds.

20



Numbers Sequences and Series Dr. Silvio Fanzon - S.Fanzon@hull.ac.uk

2.3.2 Complement

Definition 2.14: Complement

Let A, B € Q. The complement of A with respect to B is the set of elements of B which do not
belong to A, that is
BNA:={xeQ: x€Band x ¢ A}.

In particular, the complement of A with respect to Q is denoted by

A =QNA:={xeQ: x¢ A}l

Remark 2.15
Suppose that A C Q. Then A and A° form a partition of Q, in the sense that

AUA°=Q and AnA°=0Q.

Example 2.16

Question. Suppose A, B C Q. Prove that
ACB < B°CA".
Solution. Let us prove the above claim:

« First implication = :
Suppose that A C B. We need to show that B¢ C A°. Hence, assume x € B®. By definition
this means that x ¢ B. Now notice that we cannot have that x € A. Indeed, assume x € A.
By assumption we have A C B, hence x € B. But we had assumed x € B, contradiction.
Therefore it must be that x ¢ A. Thus B¢ C A°.

+ Second implication <= : Note that, for any set,
(A =A.
Hence, by the first implication,

BCCA® — (A C(B)Y = ACB.

We conclude by stating the De Morgan’s Laws. The proof will be left as an exercise.
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Proposition 2.17: De Morgan’s Laws
Suppose A, B C Q. Then

(AnBY =A°UB°, (AUB) =A‘nB.

2.3.3 Power set

Definition 2.18: Power set
Let Q be a set. The power set of Q is

PQ) :={A: ACQ}.

Hence, the power set of Q is the set of all subsets of Q.
Remark 2.19
It holds that:

1. P(Q) is always non-empty, since we have that

QeP(Q), QeP().

2. Given A, B € 2(Q), then the sets
AuB, AnB, A° B\A
are all elements of 22(Q).
3. Suppose Q is discrete and finite, that is,
Q=1{x1,..., 6}

for some m € IN. Then 2(Q) contains 2™ elements.

x; € A. Therefore there are

2:2-...-2=2"
—
mtimes

P(Q) contains 2™ elements.

Indeed, suppose that we want to define a subset A C Q. Then for each element
x; € Q there are two choices: either we include x; € A, or we do not include

ways of constructing A. It follows that Q possesses exactly 2™ subsets, so that
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Example 2.20
Question. Compute the power set of

Q={x,y,z}.
Solution. 2(Q) has 23 = 8, and

P(Q) = {2, {x}, {y} {2} 1%, ¥}
.2} {y. 2} {x, . 23

2.3.4 Product of sets

Definition 2.21: Product of sets
Let A, B be sets. The product of A and B is the set of pairs

AxB:={(a,b) : a€ A, be B}.

By definition, two elements in A x B are the same, in symbols

(a,b) = (ab)
if and only if they are equal component-by-componenent, that is
a=ad, b=b.

2.4 Equivalence relation

Definition 2.22: Binary relation

Suppose A is a set. A binary relation R on A is a subset

RCAXxXA.

Definition 2.23: Equivalence relation

1. Reflexive: For each x € A one has

(x,x) €R,

23

A binary relation R is called an equivalence relation if it satisfies the following properties:

This is saying that all the elements in A must be related to themselves



Numbers Sequences and Series Dr. Silvio Fanzon - S.Fanzon@hull.ac.uk

2. Symmetric: We have
(x,y)€R = (y,x)€R

If x is related to y, then y is related to x

3. Transitive: We have
(x,y)€R, (y.2)€R = (x,z) €R
If x is related to y, and y is related to z, then x must be related to z

If (x,y) € R we write

and we say that x and y are equivalent.

Definition 2.24: Equivalence classes

Suppose R is an equivalence relation on A. The equivalence class of an element x € A is
the set

[x] :={yeA: y~x}.
The set of equivalence classes of elements of A with respect to the equivalence relation R is

denoted by
A/R :=A/~:={[x] : x€A}.

In order for the definition of [x] to be well-posed we need to check that:

1. [x] is non-empty.
2. [x] does not depend on the representative x: we need to check that

x~y <= [|x]=1l
This is shown in the following proposition.
Proposition 2.25: Well-posedness of Definition 2.24
Let ~ be an equivalence relation on A. Then

1. For each x € A we have [x] # @.

2. Forall x,y € A it holds
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Proof

Proof of Point 1: By the reflexive property we have x ~ x. By definition of equivalence class we
conclude that x € [x]. This shows
[x] =@

Proof of Point 2: We need to prove a double implication. It is convenient to divide the proof into
two parts.

Part1: x ~y = [x] =[yl.

Assume x ~ y. By the definition of an equivalence class

[x]={z€A|z~x}
is the set of all elements in A that are related to x. Similarly,
[yl={zeAlz~y}.

We need to show that

[x] = [yl

meaning that every element in [x] is also in [y], and vice versa.

1. First, take an arbitrary element z € [x].

« By definition, z ~ x.

« Since ~ is an equivalence relation, it satisfies the transitive property.
« Therefore, from z ~ x and x ~ y, we can conclude that z ~ y

« Hence, z € [y].

« This shows that [x] C [y].

2. Now, take an arbitrary element z € [y].

« By definition, z ~ y.

« Since ~ is an equivalence relation, it satisfies the symmetric property.

« Therefore, from x ~ y, we also have y ~ x.

« By the transitive property, from z ~ y and y ~ x, we can conclude that z ~ x.
. Hence, z € [x].

« This shows that [y] C [x].

Since [x] € [y] and [y] C [x], it follows that [x] = [y], as required. Thus, we have shown that
x~y = [x]=[yl
Part2: [x]=[y] = x~y.

Assume [x] = [y]. This means that the equivalence classes of x and y are the same.

« By point (i) in the Proposition, we have x € [x] and y € [y].
« Since [x] = [y], we have x € [y].
« By the definition of [y], this means x ~ y.

Thus, we have shown that [x] = [y] = x ~ y.
Conclusion: Since we have proven both directions:

25



Numbers Sequences and Series Dr. Silvio Fanzon - S.Fanzon@hull.ac.uk

e X~y
. [x] =

[x] = [¥]

[y] = x~y

we conclude that
x~y <= [x]=[yl.
This completes the proof.

The prototypical (and trivial) example of equivalence relation is the equality over Q.

Example 2.26: Equality is an equivalence relation
Question. The equality defines a binary relation on Q x Q, via

R:={(x,») €QxQ: x=y}.

1. Prove that R is an equivalence relation.
2. Prove that [x] = {x} and compute Q/R.

Solution.

1. We need to check that R satisfies the 3 properties of an equivalence relation:
« Reflexive: It holds, since x = x for all x € Q,
+ Symmetric: Again x = y if and only if y = x,
o Transitive: If x = y and y = z then x = z.

Therefore, R is an equivalence relation.

2. The class of equivalence of x € Q is given by

[x] = {x},

that is, this relation is quite trivial, given that each element of Q can only be related to
itself. The quotient space is then

Q/R={[x] : xeQt={{x}: xeQ}.

We now give an example of a non-trivial equivalence relation over Q.
Example 2.27
Question. Let R be the binary relation on the set Q of rational numbers defined by

X~y &= x—y€L.
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1. Prove that R is an equivalence relation on Q.
2. Compute [x] for each x € Q.
3. Compute Q/R.

Solution.

1. We have:

« Reflexive: Let x € Q. Then x — x = 0 and 0 € Z. Thus x ~ x.
« Symmetric: If x ~ y then x — y € Z. But then also

—(x-y)=y-x€Z

and so y ~ x.

« Transitive: Suppose x ~ y and y ~ z. Then
x—y€Zand y—z€Z.

Thus, we have
x—z=x-y)+@y—2)eZ

showing that x ~ z.

Thus, we have shown that R is an equivalence relation on Q.

2. Note that
x~y << 3dne€Z st y=x-+n.

Therefore the equivalence classes with respect to ~ are
[x]={x+n: neZz}.
Each equivalence class has exactly one element in [0, 1) n Q, meaning that:
Vx€Q, IgeQ st 0<g<1andqe[x]. (2.10)

Condition (2.10) is illustrated in Figure 2.1. Indeed: take x € Q arbitrary. Then x € [n,n+1)
for some n € Z. Setting q : = x — n we obtain that

x=q+n, gelo,1),

proving (2.10). In particular (2.10) implies that for each x € Q there exists g € [0,1) n Q
such that

[x] = [q].

3. From Point 2 we conclude that

Q/R={[x] : xeQ}t={qeQ: 0<qg<1}.
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YN

0 q 1 T=q+n

Q

Figure 2.1: For each x € Q there exist unique q € [0, 1) n Q such that x = g+ n. In particular [x] = [q].

2.5 Order relation

Order relations are defined similarly to equivalence relations. However notice that symmetry is
replaced by antisymmetry.

Definition 2.28: Partial order
A binary relation R on A is called a partial order if it satisfies the following properties:
1. Reflexive: For each x € A one has

(x,x) €R,

2. Antisymmetric: We have

(x,y)eRand (y,x)eR = x=y

3. Transitive: We have

(x,y)€R, (y,z2)€R = (x,z) €R

Remark 2.29

Notice that conditions 1 and 3 are the same for equivalence and order relations. Instead condi-
tion 2 changes: it is symmetry for equivalence relation, and antisymmetry for order relations.

We say that a partial order is total if all the elements in the set are related.
Definition 2.30: Total order
A binary relation R on A is called a total order relation if it satisfies the following properties:

1. Partial order: R is a partial order on A.
2. Total: For each x,y € A we have

(x,y) €R or (y,x)€R.

The operation of set inclusion is a partial order on P(Q) but not a total order.
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Example 2.31: Set inclusion is a partial order but not total order

Question. Let Q be a non-empty set and consider its power set
PQ)={A: ACQ}.
The inclusion defines binary relation on P(Q) x 2(Q), via
R:={(AB) e P(QxP(Q): ACB}.

1. Prove that R is an order relation.
2. Prove that R is not a total order.

Solution.

1. Check that R is a partial order relation on 2(Q):

« Reflexive: It holds, since A C A for all A € 2(Q).
« Antisymmetric: If A C Band B C A, then A = B.
« Transitive: If A C B and B C C, then, by definition of inclusion, A C C.

2. In general, R is not a total order. For example consider
Q={x,y}.

Thus
P(Q) ={o, {x}, {y}, {x. ¥}}.

If we pick A = {x} and B = {y} then A n B = @, meaning that
A¢ZB, BZA.

This shows R is not a total order.

The inequality on Q is an example of total order.

Example 2.32: Inequality is a total order

Question. Consider the binary relation induced by the inequality on Q x Q:
R:={(x,y)eQxQ: x<y}.

Prove that R is a total order relation.
Solution. We need to check that:

1. Reflexive: It holds, since x < x for all x € Q,
2. Antisymmetric: If x < y and y < x then x = y.

3. Transitive: If x < yand y < z then x < z.
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Finally, we halso have that R is a total order on Q, since for all x, y € Q we have

x<y or y<x.

Notation 2.33

If Ais a set and R is a total order on A, we write

(x,y9) €ER <= x<y.

Therefore the symbol < will always denote a total order relation.

2.6 Intervals

In this section we assume to have available the set R of real numbers, which we recall is an exten-
sion of Q. We now introduce the concept of interval.

Definition 2.34

Let a,b € R with a < b. We define the open interval (g, b) as the set

(a,b) :={x€R: a< x<b}.
We define the close interval [a, b] as the set
[a,b] :={x€eR: a<x<b}
In general we also define the intervals

[a,b) :={x€eR : a<x<b}, (2.11)
(a,b] :={x€eR: a<x<b}, (2.12)
(a,00) :={x€R : x>a}, (2.13)
[@a,0) :={x€eR : x>a}, (2.14)

(=00,b) :={x€R : x < b}, (2.15)

(—00,b] :={x€R : x <b}. (2.16)

Some of the above intervals are depicted in Figure 2.2, Figure 2.3, Figure 2.4, Figure 2.5 below.
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a b

Figure 2.2: Interval (a, b)

@ b

Figure 2.3: Interval [a, b]
2.7 Functions

Definition 2.35: Functions

Let A and B be sets. A function from A to B is a rule which associates at each element x € A
a single element y € B. Notations:

« We write
f:A—>B
to indicate such rule,
« For x € A, we denote by
y:=f(x)€eB

the element associated with x by f.
« We will often denote the map f also by

x - f(x).
In addition:

« The set A is called the domain of f,
« The range or image of f is the set

f(A) :={yeB: y= f(x) for some x € A} C B.

Warning

We want to stress the importance of the first two sentences in Definition 2.35. Assume that
f: A— Bis afunction. Then:

+ To each element x € A we can only associate one element f(x) € B,
« Every element x € A has to be associated to an element f(x) € B.

a

Figure 2.4: Interval (a, )
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b

Figure 2.5: Interval (—oo, b]

Example 2.36

Assume given the two sets
A={ay,a}, B={by,bybs}.

Let us see a few examples:
1. Define f : A — Bby setting
fla) =by,  flag) =by.
In this way f is a function, with domain A and range
f(A) ={b}CB.
2. Define g : A — Bby setting
gla) =by;, gla) =b;, glax)=bs
Then g is NOT a function, since the element a; has two elements associated.

3. Define h : A — Bby setting
h(ay) = by .

Then g is NOT a function, since the element a, has no element associated.

f

T

Figure 2.6: Schematic picture of the function f
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Figure 2.7: Schematic picture of the function g

J

Figure 2.8: Schematic picture of the function h

Example 2.37

Let us make two examples of functions on R:

1. Define f : R—> Rby
flx) = x2.

Note that the domain of f is given by R, while the range is
f(R) = [0, ).
2. Define g : R — R as the logarithm:

g(x) = log(x).

This time the domain is (0, o), while the range is g(R) = R.
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Figure 2.9: Plot of function f(x) = x?

log(x)

.

Figure 2.10: Plot of function g(x) = log(x)

2.8 Absolute value or Modulus

In this section we assume to have available the set R of real numbers, which we recall is an exten-
sion of Q.
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Definition 2.38: Absolute value

Let x € R. The absolute value of x is

X if x>0
x| = .
—-x ifx<0

Example 2.39

By definition one has |x| = x if x > 0. For example

V2| =2, [o] =o0.

|| =1,
Instead |x| = —x if x < 0. For example

|—nl=nr, |-V2| =2, |- 10/ =10.

Let us highlight some basic properties of the absolute value.
Proposition 2.40: Properties of absolute value

For all x € R they hold:

1 |x| >0.
2. |x| = 0 if and only if x = 0.
3. x| =|—xl.

J

We can use the definition of absolute value to define the absolute value function. This is the

function
f:iR-o>R, f(x) =[x

You might be familiar with the graph associated to f, as seen below.
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Figure 2.11: Plot of the absolute value function f(x) = |x|

It is also useful to understand the absolute value in a geometric way.
Remark 2.41: Geometric interpretation of |x|

A number x € R can be represented with a point on the real line R The non-negative number
|x| represents the distance of x from the origin 0. Notice that this works for both positive and
negative numbers x; and x, respectively, as shown in Figure 2.12 below.

|zo| = —z2  |z1] =21
/_/% /—/%

T2 0 1

R

Figure 2.12: Geometric interpretation of |x]|

Remark 2.42: Geometric interpretation of |x — y|

If x, y € R then the number |x — y| represents the distance between x and y on the real line, as
shown in Figure 2.13 below. Note that by Point 3 in Proposition 2.40 we have

Ix—yl=ly—x|.

|z -yl =y — |

Y 0 iR

Figure 2.13: Geometric interpretation of |x — y|
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In the next Lemma we show a fundamental equivalence regarding the absolute value.
Lemma 2.43

Let x,y € R. Then
X<y &= -y<x<y.

The geometric meaning of the above statement is clear: the distance of x from the origin is less than
Y, in formulae
Xl <y,

if and only if x belongs to the interval [—y, y], in formulae
—-y<x<y.

A sketch of this explanation is seen in Figure 2.14 below.

||
—

-y T 0 Y

R
Figure 2.14: Geometric meaning of Lemma 2.43

Proof: Proof of Lemma 2.43

Step 1: First implication.
Suppose first that
Il <y. (2.17)

Recalling that the absolute value is non-negative, from (2.17) we deduce that 0 < |x| < y. In
particular it holds
y20. (2.18)

We make separate arguments for the cases x > 0 and x < 0:
« Case 1: x > 0. From (2.17), (2.18) and from x > 0 we have
—y<S0<x=[x<y

which shows
-y<x<y.

« Case 2: x < 0. From (2.17), (2.18) and from x < 0 we have
—y<0<—x=x[<y

which shows
—-y<—=x<y.

Multiplying the above inequalities by —1 yields
—-y<x<y.
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Step 2: Second implication.
Suppose now that

-y<x<y. (2.19)
We make separate arguments for the cases x > 0 and x < 0:
« Case 1: x > 0. Since x > 0, from (2.19) we get
Ix|=x<y

showing that
X <y.

« Case 2: x < 0. Since x < 0, from (2.19) we have
—y<x=—|x].
Multiplying the above inequality by —1 yields
<.
With the same arguments, just replacing < with <, one can also show the following.
Corollary 2.44

Let x,y € R. Then
x| <y &= —y<x<y.

2.9 Triangle inequality

The triangle inequality relates the absolute value to the sum operation. It is a very important in-
equality, which we will use a lot in the future.

Theorem 2.45: Triangle inequality

For every x,y € R we have
llxl = Il < e + yI < lxl + 131 (2.20)

Before proceeding with the proof, let us discuss the geometric meaning of the triangle inequality.
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Remark 2.46: Geometric meaning of triangle inequality

The notion of absolute value can be extended also to vectors in the plane. Suppose that x and y
are two vectors in the plane, as in Figure 2.15 below. Then |x| and |y| can be interpreted as the
lengths of these vectors.
Using the rule of sum of vectors, we can draw x + y, as shown in Figure 2.16 below. From the
picture it is evident that

e+ 31 < Il + Iy, (2.21)

that is, the length of each side of a triangle does not exceed the sum of the lengths of the two
remaining sides. Note that (2.21) is exactly the second inequality in (2.20). This is why (2.20) is
called triangle inequality.

Figure 2.15: Vectors x and y

Figure 2.16: Summing the vectors x and y. The triangle inequality relates the length of x + y to the
length of x and y
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Proof: Proof of Theorem 2.45

Assume that x, y € R. We prove the two inequalities in (2.20) individually.
Step 1. Proof of the second inequality in (2.20).
Trivially we have

x| < [x].

Therefore we can apply Lemma 2.43 and infer

—lx| < x < |x]. (2.22)
Similarly we have that |y| < |y|, and so Lemma 2.43 implies

—I <y <yl (2.23)
Summing (2.22) and (2.23) we get

—(xl +ly) <x+y < x| +1yl.
We can now again apply Lemma 2.43 to get
e+ yl < lx| + [yl (2.24)

which is the second inequality in (2.20).

Step 2. Proof of the first inequality in (z2.z0).
Note that the trivial identity

X=x+y—-y
always holds. We then have
x| = x +y =yl (2.25)
=G +y) + (=)l (2.26)
= la + b| (2.27)

with a = x + y and b = —y. We can now apply (2.24) to a and b to obtain

|x| = |a + b (2.28)
< lal + [b] (2.29)
=[x+ yl+[-yl (2.30)
=lx+yl+ 1yl (2.31)
Therefore
x| = [yl < lx + yl. (2.32)

We can now swap x and y in (2.32) to get
Iyl = Ix| < |x + yl.
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By rearranging the above inequality we obtain
—lx 4yl < Ixl =yl (2:33)
Putting together (2.32) and (2.33) yields
eyl <=yl < e+l
By Lemma 2.43 the above is equivalent to
llxl = Iyll < fx + 1,

which is the first inequality in (2.20).

An immediate consequence of the triangle inequality are the following inequalities, which are left
as an exercise.

Proposition 2.47

For any x, y € R it holds
[l = Iyl < e =yl < el + [y (2:34)

Moreover for any x, y, z € R it holds

e =yl <lx—z|+|z -yl

Notice that the inequality in (2.34) differs from the triangle inequality (2.20) by a sign. Indeed it can
be shown tha (2.20) and (2.34) are equivalent.

2.10 Proofs in Mathematics

In a mathematical proof one needs to show that

a = p (2.35)
where

+ a is a given set of assumptions, or Hypothesis
« fis a conclusion, or Thesis

Proving (2.35) means convincing ourselves that § follows from ¢. Common strategies to prove (2.35)
are:
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1. Contradiction: Assume that the thesis is false, and hope to reach a contradiction: that is,
prove that
- = contradiction

where - is the negation of S.

For example we already proved by contradiction that
Definition of @ =— 2¢Q,

In the above statement
a = (Definition of Q) .

p=(N2¢Q).
Therefore

-=(N2€Q).

2. Direct: Sometimes proofs will also need direct arguments, meaning that one need to show
directly that (2.35) holds.

3. Contrapositive: The statement (2.35) is equivalent to
-f = -a. (2.36)

Thus, instead of proving (2.35), one could show (2.36). The statement (2.36) is called the con-
trapositive of (2.35).

Let us make an example.
Proposition 2.48

Two real numbers a, b are equal if and only if for every real number ¢ > 0 it follows that [a—b| < e.

Before proceeding with the proof, note that the above stetement is just saying that:
Two numbers are equal if and only if they are arbitrarily close

By arbitrarily close we mean that they are as close as you want the to be.
Proof: of Proposition 2.48
Let us first rephrase the statement using mathematical symbols:
Let a,b € R. Then it holds:

a=b = la—bl<e, Ve>0.
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Setting
a=(a=Db) (2:37)
f=(a—bl<e, Ve>0) (2-38)
the statement is equivalent to
a = f.

To show the above, it is sufficient to show that
a = f and f = a.

Step 1. Proof thata = p.
This proof can be carried out by a direct argument. Since we are assuming «, this means

a=bh.

We want to see that § holds. Therefore fix an arbitrary ¢ > 0. This means that ¢ can be any
positive number, as long as you fix it. Clearly

la—bl=10[=0<e¢
since a = b, |0| = 0, and ¢ > 0. The above shows that
la—b|<e.
As £ > 0 was arbitrary, we have just proven that
la—bl<e, Ve>0,

meaning that  holds and the proof is concluded.
Step 2. Proof that f — «a.
Let us prove this implication by showing the contrapositive

a = f.
So let us assume —a is true. This means that
a#b.
We have to see that = holds. But = means that
3 >0 st la—bl>¢g.

The above is satisfied by choosing
g = la—bl,

since & > 0 given that a # b.
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2.11 Induction

Another technique for carrying out proofs is induction, which we take as an axiom.
Axiom 2.49: Principle of Induction
Let S € IN. Suppose that

1. We have 1 € S, and
2. Whenevern € S, then (n+ 1) € S.

Then we have

Important

The above is an axiom, meaning that we do not prove it, but rather we just assume it holds.

Remark 2.50

It would be possible to prove the Principle of Induction starting from elementary axioms for IN,
called the Peano Axioms, see the Wikipedia page.

However, in justifying basic principles of mathematics, one at some point needs to draw a line.
This means that something which looks elementary needs to be assumed to hold, in order to
have a starting point for proving deeper statements.

In the case of the Principle of Induction, the intuition is clear:

The Principle of Induction is just describing the domino effect: If one tile falls,
then the next one will fall as well. Therefore if the first tile falls, all the tiles will fall.

It seems reasonable to assume such evident principle.

J

The Principle of Induction can be used to prove statements which depend on some index n € IN.
Precisely, the following statement holds.

Corollary 2.51: Principle of Inducion - Alternative formulation
Let a(n) be a statement which depends on n € IN. Suppose that

1. a(1) is true, and
2. Whenever a(n) is true, then a(n + 1) is true.

Then a(n) is true for all n € IN.
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Proof

Define the set
S :={n €N s.t. a(n) is true}.

Then

1. We have 1 € S, since (1) is true.
2. If n € S then a(n) is true. By assumption this implies that a(n + 1) is true. Therefore
(n+1)€es.

Therefore S satisfies the assumptions of the Induction Principle and we conclude that
S=N.

By definition this means that a(n) is true for all n € IN.

Example 2.52: Formula for summing first n natural numbers
Question. Prove by induction that the following formula holds for all n € IN:
1+2+3+...+(n—1)+n:n(ng—l). (2.39)
Solution. To be really precise, consider the statement
a(n) := the above formula is true for n.

In order to apply induction, we need to show that

1. a(1) is true,

2. If a(n) is true then a(n + 1) is true.
Let us proceed: Define

Sm)=1+2+..+n.
This way the formula at (2.39) is equivalent to
S(n) = n(n2+ D) , VneN.
1. It is immediate to check that (2.39) holds for n = 1.
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2. Suppose (2.39) holds for n = k. Then

Sk+1)=1+..+k+(k+1) (2.40)
=Sk)+*k+1) (2.41)
= —k(k; D) +(k+1) (2.42)
k(k+1)+2k+1)
= > (2.43)
(k+1D(k+2)
S (2.44)

where in the first equality we used that (2.39) holds for n = k. We have proven that

_ (k+1D(k+2)

Stk+1) 5

The RHS in the above expression is exactly the RHS of (2.39) computed at n = k + 1.
Therefore, we have shown that formula (2.39) holds for n = k + 1.

By the Principle of Induction, we then conclude that a(n) is true for all n € N, which means
that (2.39) holds for all n € IN.

Example 2.53: Statements about sequences of numbers
Suppose you are given a collection of numbers
{x, s.t. ne IN}.

Such collection of numbers is called sequence. Assume that

x =1 (2.45)

X,
Xpg1 i= ?n +1. (2.46)

A sequence defined as above is called recurrence sequence. Using the above rule we can
compute all the terms of x;,.
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Let us compute the first 4 elements:

x =1 (2.47)
X1 1 1
Xp=—4+1=14+-=x1+ - 2.48
2 2 5 1 5 (2.48)
X 1 1 1
X3=—+1=14+=-+—-=x+— 2.
355 sty =%2t ] (2.49)
3 1 1 1 1
Xg=—+1=1+=-+-+=-=x3+ = 2.50
4 st T =% g (2.50)
(2.51)

We see a pattern: The successive term is obtained by adding a power of 1/2 to the previous
term. We therefore conjecture that

1
Xpt1 = Xp + —

- (2:52)

We want to prove our conjecture rigorously, i.e. using induction.
Claim. (2.52) holds for all n € IN.
Proof of Claim. We argue by induction:

1. We see that
X; —1+l—x +l
2 2 172

proving (2.52) forn = 1.

2. Suppose now that (2.52) holds for n = k. We need to prove that (2.52) holds forn = k + 1,
that is,

1
X2 = X1 t+ _2k+1 . (2.53)

Starting with the definition of x5 we see that

)
Xegn = % +1 (definition of xj5)

X, + zlk

= +1 (inductive hypothesis)
X] 1 . .

=k — (just calculations)
2 ok+1

1 .
= Xer1 T o (definition of x3, 1)

which proves (2.53).

Therefore the assumptions of the Induction Principle are satisfied, and (2.52) follows.
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Example 2.54: Bernoulli’s inequality
Question. Let x € R with x > —1. Bernoulli’s inequality states that
(1+x)">1+nx, VvnelN. (2.54)

Prove Bernoulli’s inequality by induction.
Solution. Let x € R, x > —1. We prove the statement by induction:

«+ Base case: (6.9) holds with equality whenn = 1.
« Induction hypothesis: Let k € IN and suppose that (6.9) holds for n =k, i.e.,
A+x)f>1+kx.
Then

A+ x) = 1+ 2k +x)
> (1 +kx)(1+x)
=1+kx + x + kx?
>1+(k+ 1x,

where we used that kx? > 0. Then (6.9) holds for n = k + 1.

By induction we conclude (6.9).
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3 Real Numbers

In this chapter we introduce the system of Real Numbers R and study some of its properties. We
will follow quite an abstract approach, which requires the definition of ordered field. The fact that
R is a continuum with no gaps (unlike Q) will be consequence of the Axiom of Completeness.

Therefore R will be defined as an ordered field in which the Axiom of Completeness holds.

3.1 Fields

In order to introduce R, we need the concepts of binary operation and field. We proceed in a
general setting, starting from a set K. We will assume that there is an equivalence relation on K
denoted by =.

Definition 3.1: Binary operation
A binary operation on a set K is a function
o: KxK—>K

which maps the ordered pair (x, y) into x ° y.

Notation 3.2
We use the special symbols of + and - to refer to addition and multiplication.
« Addition: The addition, or sum of x, y € K is denoted by
x+y
+ Multiplication: The multiplication, or product of x, y € K is denoted by

X-y or xy
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Warning

When we talk about + and - in a set K we are not necessarily thinking about the usual sum
and multiplication in Q. This is the case in the next Example, where we define

1+1=0

Example 3.3: An example of binary operation

Let K = {0, 1}. We can for example define operations of sum and product on K according to the
tables

0 1 1
0 1 0
1 0 1

— o+
=
S OO

The above mean that
0+0=14+1=0, 0+1=140=1,

0-0=0-1=1-0=0, 1-1=1.

Note that we have defined (rather controversially!)
1+1=0

The other option would have been to define
1+1=1

This would have been absolutely fine. However we could not have defined
1+1=2

because 2 ¢ K.
Note: The operations in (3.1) look more natural if you identify 0 with the even numbers and 1
with the odd numbers. In that case 1 + 1 = 0 reads

0Odd + Odd = Even

Indeed all the definitions given in (3.1) agree with such identification, see tables below:

+ ‘ Even Odd . ‘ Even Odd
Even | Even Odd Even | Even Even
Odd | Odd Even Odd | Even 0Odd

Binary operations take ordered pairs of elements of K as input. Therefore the operation

Xoyoz
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does not make sense, since we do not know which one between
Xey oOr Yoz
has to be performed first. Moreover the outcome of an operation depends on order:
Xoy#Yyox.
This motivates the following definition.
Definition 3.4: Properties of binary operations
Let Kbeasetand - : Kx K — K be a binary operation on K. We say that:

1. o is commutative if
Xey=yex, Vx,y€K

2. o is associative if
(xey)oz=x0(yez), Vx,y,z€K

3. An element e € K is called neutral element of - if
xoe=eox=x, Vxe€eK

4. Let e be a neutral element of - and let x € K. An element y € K is called an inverse of x
with respect to o if
Xoy=)yex=e.

Example 3.5
Consider Q with the usual operations of sum and multiplication
« We already know that + and - are commutative and associative
+ The neutral element of the sumise = 0
« The neutral element of the productise = 1
« The additive inverse of x is —x

« The multiplicative inverse of x # 0 is 1/x.

Example 3.6

Let K with + and - be as in Example 3.3. The sum satisfies:

« + is commutative, since
0+1=14+0=0.
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+ + is associative, since for example
O+1D)+1=1+1=0, 0+(1+1)=0+0=0,

and therefore
O+D+1=0+(1+1).

In general one can show that + is associative by checking all the other permutations.
« The neutral element of + is 0, since

0+0=0, 1+0=0+1=1.
« Every element has an inverse. Indeed, the inverse of 0 is 0, since
0+0=0,
while the inverse of 1 is 1, since
1+1=1+1=0.
The multiplication satisfies:

« -is commutative, since
1-0=0-1=0.

« - is associative, since for example
(0-1)-1=0-1=0, 0-(1-1)=0-1=0,

and therefore
(0-1)-1=0-(1-1).

By checking all the other permutations one can show that - is associative.
« The neutral element of - is 1, since

0-1=1-0=0, 1-1=1.
« The element 0 has no inverse, since
0-0=0-1=1-0=0,
and thus we never obtain the neutral element 1. The inverse of 1 is given by 1, since

1-1=1.
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Example 3.7

Question. Let K = {0, 1} be a set with binary operation - defined by the table

_— O| o
(=3 =]
O = =

1. Is o commutative? Justify your answer.

2. Is o associative? Justify your answer.
Solution.

1. The operation - is not commutative, since

0c1=1#0=100.

2. The operation - is not associative, since

(001)o1=101=0,

while
00(1o1)=000=1,

so that
(001)o1#00(101).

We are ready to define fields.

Definition 3.8: Field

Let K be a set with binary operations of addition
+:KxK—->K, (xy)—»x+y

and multiplication
-t KxK—>K, (x,y)Px-y=xy.

We call the triple (K, +, ) a field if:

1. The addition + satisfies: Vx,y,z € K

« (A1) Commutativity and Associativity:
X+y=y+x

(x+y)+z=x+(@y+2)
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+ (A2) Additive Identity: There exists a neutral element in K for +, which we call
0. It holds:
x+0=0+x=x

+ (A3) Additive Inverse: There exists an inverse of x with respect to +. We call this
element the additive inverse of x and denote it by —x. It holds

x+(=x)=(—x)+x=0

2. The multiplication - satisifes: Vx,y,z € K

« (M1) Commutativity and Associativity:
X-y=y-x

(x-y)-z=x-(y-2)

+ (M2) Multiplicative Identity: There exists a neutral element in K for -, which
we call 1. It holds:

« (M3) Multiplicative Inverse: If x = 0 there exists an inverse of x with respect to -.
We call this element the multiplicative inverse of x and denote it by x~ 1. It holds

3. The operations + and - are related by

« (AM) Distributive Property: Vx,y,z € K

x-+2)=(x-y+-2).

Remark 3.9

Since fields are an abstract model for Q, we have chosen to denote the two field operations with
+ and -. We could have denoted them with other symbols, e.g. & and . In this case (AM) would

read
xR (YVz)=(x0y)V(y*z)

This would of course still make sense. It would just be a lot harder to write calculations and to
remember which operation is which!
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Warning

It might be tempting to dismiss the definition of field, and to think that all fields look like Q.
This is not the case, as seen in the following Example.

Example 3.10

Question. Let K with + and - be as in Example 3.3, that is, K = {0, 1} with operations defined
by

— o+

0 1 - 10 1
0 1 010 O
1 0 110 1
Prove that (K, +,) is a field.
Solution. We have already shown in Example 3.6 that:

« (A1) and (M1) hold,

« (A2) holds with neutral element 0,

« (M2) holds with neutral element 1,
+ (A3) every element has an additive inverse, with

« (M3) every element which is not 0 a multiplicative inverse, with
171 =1.
We are left to show the Distributive Property (AM). Indeed:
« (AM) For all y, z € K we have
0-(y+2)=0, (0-y)+(0-2)=0+0=0,

and also
1-(y+2)=y+z, (1-y)+(1-2)=y+z.

Thus (AM) holds.

Definition 3.11: Subtraction and division

Let (K, +,-) be a field. We define:
1. Subtraction as the operation — defined by
x—y:=x+(-y), Vx,yek,

where —y is the additive inverse of y.
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2. Division as the operation / defined by

x/y ::x-y_l, vx,yeK, y#0,

where y~! is the multiplicative inverse of y.

Warning

One might wonder why we are defining subtraction and division. Are they not already defined
in Q? Yes they are. But they make no sense in a general field (K, +, ), unless we define them
explicitly.

Using the field axioms we can prove the following properties.
Proposition 3.12: Uniqueness of neutral elements and inverses

Let (K, +,-) be a field. Then

1. There is a unique element in K with the property of 0,
2. There is a unique element in K with the property of 1,
3. For all x € K there is a unique additive inverse —x,

4. Forall x € K, x # 0, there is a unique multiplicative inverse x 1.

Proof

1. Suppose that 0 € K and 0 € K are both neutral element of +, that is, they both satisfy
(A2). Then
0+0=0
since 0 is a neutral element for +. Moreover
0+0=0
since 0 is a neutral element for +. By commutativity of +, see property (A1), we have
0=0+0=0+0=0,

showing that 0 = 0. Hence the neutral element for + is unique.
2. Exercise.
3. Let x € K and suppose that y,j € K are both additive inverses of x, that is, they both
satisfy (A3). Therefore
x+y=0

since y is an additive inverse of x and

x+y=0
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since y is an additive inverse of x. Therefore we can use commutativity and associativity
and of +, see property (A1), and the fact that 0 is the neutral element of +, to infer

y=y+0=y+x+y)
=(+x)+y=E+y)+¥

concluding that y = y. Thus there is a unique additive inverse of x, and
y= 5/ = —x,

with —x the element from property (A3).
4. Exercise.

Using the properties of field we can also show that the usual properties of sum, subtraction, multi-
plication and division still hold in any field. We list such properties in the following proposition.

Proposition 3.13: Properties of field operations
Let (K, +,-) be a field. Then for all x,y,z € K,

ex+ty=x+z = y=z
ex-y=x-zand x#0 = y=z

« —0=0
.17 1=1
e x:-0=0

J

The above properties can be all proven with elementary use of the field properties (A1)-(A3), (M1)-
(M3) and (AM). This is an exercise in patience, and is left to the reader.

Let us conclude with examining the sets of numbers introduced in Chapter 1.
Theorem 3.14
Consider the sets IN, Z, Q with the usual operations + and -. We have:

« (N, +,-) is not a field.

e (Z,+,") is not a field.

e (Q,+,")is a field.
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Proof

1. (N,+,-) is not a field:
It satisfies properties (A1), (A2), (M1), (M2), (AM) of fields. It is missing properties (A3)
and (M3), the additive and multiplicative inverse properties, respectively.

. (Z,+,-) is not a field:
It satisfies properties (A1), (A2), (A3), (M1), (M2), (AM) of fields. Thus it is only missing
(M3), the multiplicative inverse property.

+ (Q,+,) is a field. This is clear: The field axioms are introduced exactly to model Q.
Therefore, Q is trivially a field.

3.2 Ordered fields

Definition 3.15: Ordered field

Let K be a set with binary operations + and -, and with an order relation <. We call (K, +, -, <)
an ordered field if:

1. (K,+,-)is a field
2. There < is of total order on K: Vx,y,z € K

« (O1) Reflexivity:
x<x

+ (02) Antisymmetry:
x<yand y<x = x=y

« (O3) Transitivity:
x<yand y<z = x=z

 (O4g) Total order:
x<y or y<«x

3. The operations + and -, and the total order <, are related by the following properties:
Vx,y,z € K

« (AM) Distributive: Relates addition and multiplication via
x-(y+2)=x-y+x-z

« (AO) Relates addition and order with the requirement:

x<y = x+z<y+z
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« (MO) Relates multiplication and order with the requirement:

x20,y20 = x-y2>0

Theorem 3.16

(Q, +,+, <) is an ordered field.

3.3 Cut Property

We have just introduced the notion of fields and ordered fields. We noted that the set of rational
numbers with the usual operations of sum and multiplication

(Q’ +, )
is a field. Moreover it is an ordered field with the usual order <.

We now need to address the key issue we proved in Chapter 1, namely, the fact that
V2¢ Q.

Intuitively, this means that Q has gaps, and cannot be represented as a continuous line. The rigor-
ous definition of lack of gaps needs the concept of cut of a set. This, in turn, needs the concept of
partition.

Definition 3.17: Partition of a set
Let S be a non-empty set. The pair (A, B) is a partition of S if
ABCS, A+@®, B=*0,

and
S=AuB, AnB=09.

Figure 3.1: Schematic picture of a partition (A, B) of the set K.
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Definition 3.18: Cut of a set
Let S be a non-empty set with a total order relation <. The pair (A, B) is a cut of S if
1. (A, B) is a partition of S,

2. We have
a<b, VaceA, vbeB.

J

The cut of a set is often called Dedekind cut, named after Richard Dedekind, who used cuts to
give an explicit construction of the real numbers R, see Wikipedia page.

Definition 3.19: Cut property

Let S be a non-empty set with a total order relation <. We say that S has the cut property if
for every cut (A, B) of S there exists some s € S such that

a<s<b, VYa€eA, VbeB.

We call s the separator of the cut (A, B).

Example 3.20
Let S = Q and consider the sets
A=(—0,5]nQ, B=(s,00)n0Q.

for some s € Q. Then the pair (A, B) is a cut of Q, and s is the separator.

A= (—00,8]NQ B =(s,00)NQ
]
T
s

Figure 3.2: (A, B) is a cut of Q with separator s.

Question 3.21

Do all ordered fields have the Cut Property? Does Q have the Cut Property?

The answer to the above question is NO. For example the pair
A=(-0V2)nQ, B=(20)nQ. (32)
is a cut of Q, since V2 ¢ Q. However what is the separator? It should be s = /2, given that clearly

a<~2<b, VYacA, vbeB.
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However /2 ¢ Q, so we are NOT ALLOWED to take it as separator. Indeed, we can show that
(A, B) defined as in (3.2) has no separator.

A= (-00,v2)NQ I B =(v/2,00)NQ
I

V2¢Q

Figure 3.3: (A, B) is a cut of Q which has no separator

Theorem 3.22: Q does not have the cut property.

Q does not have the cut property. More explicitly, there exist a cut (A, B) of Q which has no
separator.

Remark 3.23: Ideas for the proof of Theorem 3.22

Before proceeding with the proof, let us summarize the ideas behind it:
We will consider the cut (A, B) in (3.2). We then assume by contradiction that (A, B) admits a
separator L € Q, so that

a<L<b, VacA, vbeB. (3.3)

Since (A, B) is a partition of Q, then either L € A or L € B. These will both lead to a contradiction:
« If L € A, by definition of A we have
L<A2.

We want to contradict the fact that L is a separator for the cut (A, B). The idea is that,
since v/2 ¢ Q, it is possible to squeeze a rational number L € Q in between L and v/2, i.e.

L<L<+2.

How do we find such L in practice? We look for a number L, of the form

L~n=L+l
n

for some n € IN to be suitably chosen later. Clearly L, € Q and
L<L,
for all n € IN. We will then be able to find ny € IN such that
L<L, <+2. (3.4)

Now comes the contradiction: From (3.4) we see that ino € A. However L is a separator,
and so from (3.3) we have

L"O S L 3
which contradicts (3.4).
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« If L € B, by definition of B we have
V2<L.

between /2 and L, i.e., )
V2<D<L.

Since we want L to be a rational number smaller than L, we look for L of the form

for a suitable n € N. Clearly L, € Q and

for all n € IN. We will be able to find ny € IN such that
V2< L, <L.
Therefore I:,,O € B. Again, contradiction: L is a separator and so
L<L,,

which contradicts (3.5).

conclude that the cut (A, B) has no separator in Q.

The idea is the same as above: Since V2 ¢ Q, we can squeeze a rational number L € Q

(3-5)

Both cases L € A or L € B lead to a contradiction. Since these are all the possibilities, we

Time to make the ideas in the above remark rigorous. Two main issues need fixing:

1. V2 is just a symbol for a number x such that x? = 2. As V2 ¢ Q, what is the meaning of the

expression
a<vV2<b

when a,b € Q? We can only compare rational numbers with rational numbers, so the above
inequalities are meaningless. We need a more clever way to write down the sets A and B so

that they make sense as objects in Q.

2. We said it is possible to find ny € IN such that
L<f,n0 <2 or \/E<I~,n0 <L

We need to prove it!
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Proof: Proof of Theorem 3.22

Let A and B be the sets defined in (3.2). It is useful to rewrite A and B in the form

A:AIUAz,
where
A ={geQ: q<0},
Ay={qeQ: ¢>0, ¢ <2},
and

B={qgeQ: q>0, ¢*>2}.

Step 1. (A, B) is a cut of Q:
We need to prove the following:

1. (A, B) is a partition of Q. This is because A,B C Q with A # @ and B # @. Moreover
AnB=®and
AuB=0Q,

given that v2 ¢ Q, and so there is no element q € Q such that ¢ = 2.
2. It holds
a<b, VaeA, VvbeB.

Indeed, suppose that a € A and b € B. We have two cases:

« a € A;: Therefore a < 0. In particular
a<0<b,

given that b > 0 for all b € B. Thus a < b.
« a € Ay: Therefore a > 0 and a? < 2. In particular

a* <2<b*,
since b® > 2 for all b € B. In particular
a? < b?.
Since b > 0 for all b € B, from the above inequality we infer a < b, concluding,.

Step 2. (A, B) has no separator:
Suppose by contradiction that (A, B) admits a separator

LeQ.

By definition this means
a<L<b, VaeceA, VbeB. (3.6)
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Since

LeQ, Q=AuB, AnB=9,
then either L € A or L € B. We will see that both these possibilities lead to a contradiction:
Case1: L € A.

By (3.6) we know that
a<L, VaeA. (3.7)

In particular the above implies
L>0 (3:8)

since 0 € A. Therefore we must have L € A,, that is,
L>0 and L%?<2. (3.9)

Set ) 1
L:=L+ -
n

for n € IN, n # 0 to be chosen later. Clearly we have
LeQ and L<L. (3.10)

From (3.8) and (3.10) we have also )
L>0. (3.12)

We now want to show that there is a choice of n such that L2 < 2, which will lead to a contra-
diction. Indeed, we can estimate

2
Lz—(L+ 1)
n
=L2+i2+2£
n n
<L2+l+2£ (usingl<i)
n n n o n?
_ 2, 2L+l
n
If we now impose that
12 2L+1<2,
n

we can rearrange the above and obtain
n(2—1%)>2L+1.
Now note that L? < 2 by assumption (3.9). Thus we can divived by (2 — L?) and obtain

2L + 1
2-12°
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Therefore we have just shown that

2L+1

2<2.
212

Together with (3.11) this implies L € A. Therefore we have
L<L

by (3.7). On the other hand it also holds

L>L

by (3.10), and therefore we have a contradiction. Thus L ¢ A.
Case 2: L € B.
As L € B, we have by definition
L>0, L?>>2. (3.12)

Moreover since L is a separator, see (3.6), in particular

L<b, VbeB. (3.13)

Define now

L :=L—l
n

with n € N, n # 0 to be chosen later. Clearly we have

LeQ, L<L. (3.14)

We now show that n can be chosen so that L € B. Indeed

2
izz(L—l)
n
:L2+i2—2£
n n
1 L 1 1
>[2- = 2= (usin —>——>
n? o n & 2 n?
>L2—1—2£ (using —iz>—l>
n n n n
_qpz_l+2l
n
Now we impose
2 142l
n

which is equivalent to
n(L? —2)>1+2L.
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Since we are assuming L € B, then L2 > 2, see (3.12). Therefore we can divide by (L? — 2) and
get

1+ 2L
n>—.
12 -2
In total, we have just shown that
n> ﬂ — I2>02 ,
12 -2

proving that L € B. Therefore by (3.13) we get
L<L.

This contradicts (3.14).

Conclusion:

We have seen that assuming that (A, B) has a separator L € Q leads to a contradiction. Thus the
cut (A, B) has no separator.

Remark 3.24
The above proof is also suggesting the following observations:

« The set
A=(-0,V2)nQ

does not admit a largest element in Q

o The set
B=(2,0)nQ

does not admit a lowest element in Q.

It turns out that the largest and lowest element play a crucial role in analysis. We will give
precise definitions in the next section.

3.4 Supremum and infimum

A crucial definition in Analysis is the one of supremum or infimum of a set. This is also another way

of studying the gaps of Q.
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Example 3.25: Intuition about supremum and infimum

Consider the set
A=10,1)nQ.

Intuitively, we understand that A is bounded, i.e. not infinite. We also see that

« 0 is the lowest element of A
« 1is the highest element of A

However we see that 0 € A while 1 ¢ A. We will see that

« 0 can be defined as the infimum and minimum of A.
« 1 can be defined as the supremum, but not maximum, of A.

3.4.1 Upper bound, supremum, maximum

We start by defining the supremum. First we need the notion of upper bound of a set. In the following

we assume that (K, +,, <) is an ordered field.
Definition 3.26: Upper bound and bounded above
Let ACK:
1. We say that b € K is an upper bound for A if
a<b, VacA.

2. We say that A is bounded above if there exists and upper bound b € K for A.

Definition 3.27: Supremum
Let A € K. A number s € K is called least upper bound or supremum of A if:

1. s is an upper bound for A,
2. s is the smallest upper bound of A, that is,

If b € K is upper bound for A then s<b.
If it exists, the supremum is denoted by

s:=sup A.
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Remark 3.28

Note that if a set A C K in NOT bounded above, then the supremum does not exist, as there
are no upper bounds of A.

Proposition 3.29: Uniqueness of the supremum

Let A C K. If sup A exists, then it is unique.

Proof
Suppose there exist sq, s, € K such that

sy =SsupA, sy =supA.
Then:

« Since sy = sup A, in particular s, is an upper bound for A. Since s; = sup A then s; is the
lowest upper bound. Thus we get
$1 S S

« Exchanging the roles s; and s, in the above reasoning we also get
So S S1.

This shows s; = s.

Warning

It could happen that:

« A set can have infinite upper bounds,
« The supremum does not belong to the set.

For example

A=[0,1)nQ
has for upper bounds all the numbers b € Q with b > 1. Moreover one can show that
supA=1,
and so
supAgA.
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Warning

The supremum does not exist in general. For example let
A=[0,V2)nQ.

We will show that sup A does not exist in Q. Indeed we will have that

supA =+2€R.

upper bounds

d
- K

sup A

Figure 3.4: Supremum and upper bounds of a set A in the field K

Definition 3.30: Maximum

Let A C K. A number M € K is called the maximum of A if:
MeA and a< M,VacA.

If it exists, we denote the maximum by

M =maxA.

Proposition 3.31: Relationship between Max and Sup

Let A C K. If the maximum of A exists, then also the supremum exists, and

sup A = maxA.
Proof
Let
M =maxA.
Then:

+ By definition we have M € A and
a<M, Va€eA.

In particular the above tells us that M is an upper bound of A.
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« We claim that M is the least upper bound. Indeed, suppose b is an upper bound of A, that
is,

a<b, VaceA.

In particular, since M € A, by the above condition we have
M<b.

Therefore M is the least upper bound of A, meaning that M = sup A.

Warning

The converse of the above statement is false: In general the sup might exist while the max does
not. For example
A=[0,1)nQ

is such that
supA=1

but max A does not exist. Instead for the set

B=1[0,1]nQ

we have that
max A =supA=1.

3.4.2 Lower bound, infimum, minimum

We now introduce the definitions of lower bound, infimum, minimum. These are the counterpart
of upper bound, supremum and maximum, respectively. In the following (K, +,-,<) is an ordered
field.

Definition 3.32: Lower bound, bounded below, infimum, minimum
Let ACK:
1. We say that ! € K is a lower bound for A if
[<a, VaeA.

2. We say that A is bounded below if there exists a lower bound [ € K for A.

3. We say that i € K is the greatest lower bound or infimum of A if:
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« iis alower bound for A,
« iis the largest lower bound of A, that is,

If [ € K is alower bound for A then [ <i.
If it exists, the infimum is denoted by
i=infA.
4. We say that m € K is the minimum of A if:
meA and m<a,vVaeA.
If it exists, we denote the minimum by

m=minA.

lower bounds

| -
— K
inf A

Figure 3.5: Infimum and lower bounds of a set A in the field K

Proposition 3.33
Let ACK:

1. Ifinf A exists, then it is unique.
2. If the minimum of A exists, then also the infimum exists, and

infA=minA.

The proof is similar to the ones of Propositions 3.29 and 2.42, and is left to the reader as an exercise.
Warning
It could happen that:

« A set has infinite lower bounds,
« The infimum does not belong to the set.

For example
A=(00,1)nQ
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has for lower bounds all the numbers b € Q with b < 1. Moreover we will show that
infA=0,

and so
infAgA.

Warning

The infimum does not exist in general. For example let
A=(2,5]n0.

We will show that inf A does not exist in Q. Indeed we will have that

infA=+2eR.

Warning
In general the inf might exist while the min does not. For example
A=(00,1)nQ

is such that
infA=0

but min A does not exist. Instead for the set
B=1[0,1]nQ

we have that
infA=minA=0.

Proposition 3.34
Let A C K. If inf A and sup A exist, then

inffA<a<supA, VacA.

J

The proof is trivial, and is left as an exercise. We now have a complete picture about supremum and

infimum, see Figure 3.6.

We conclude with another simple, but useful proposition. The proof is again left to the reader.
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lower bounds s upper bounds
—
L |
— A K

inf A sup A

Figure 3.6: Supremum, upper bounds, infimum and lower bounds of a set A in K

Proposition 3.35: Relationship between sup and inf

Let A C K. Define
—A :={-a: a€ A}l

They hold:
1. If sup A exists, then inf A exists and
inf(—A) = —sup A.
2. Ifinf A exists, then sup A exists and

sup(—A) = —inf A.

3.5 Completeness

In this section (K, +, -, <) denotes an ordered field.

Question 3.36

Let A C K be non-empty and bounded above. Does
sup A

always exist?

J

The answer to the above question is NO. Like we did with the Cut Property, the counterexample can
be found in the set of rational numbers Q. A set bounded above for which the supremum does nor
exist is, for example,

A=1[0,v2)n0Q. (3-15)

Theorem 3.37
There exists a set A C Q such that
« A is non-empty,
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« A is bounded above,
« sup A does not exist in Q.

The proof uses similar ideas to those employed in demonstrating that Q does not satisfy the Cut
Property, see the proof of Theorem 3.22.

Proof

Define the set
A={qeQ: g>0, ¢ <2}.
Notice that A formally coincides with the set in (3.15).

Step 1. A is bounded above.
Take b := 3. Then b is an upper bound for A. Indeed by definition

¢ <2,q>0, VgeA.
Therefore
?<2<9 = ¢*<9 = q<3=b

for each g € A, showing that b = 3 is an upper bound for A.
Step 2. The supremum of A does not exist in Q.
Assume by contradiction that there exists

s=supAcQ
By definition it holds
q<s, VqeA (3.16)
g<b,vgeA = s<b (3.17)

There are two possibilities: s € Aors ¢ A.
Case 1. If s € A, by definition of A we have

s>0, s2<2. (3.18)
Define

with n € IN, n # 0 to be chosen later. Then

2
} 1
sz—(s+—)
n

2y LS
n? n
9, 1 s .1 1
<sC 4+ —+2- using - < —
n n n o n?
2 2s+1
=54+ —.
n
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If we now impose that
2 2s+1
s+ =
n

<2,
we can rearrange the above and obtain
n(2—s?)>2s+1.

Now note that s? < 2 by assumption (3.18). Thus we can divide by (2 — s?) and obtain

2s+1
n>——m-—-r-.
2 — 2
To summarize, we have just shown that
2s+1 N
> S £ <2,
2 —s2
Moreover § := (s + 1/n) € Q and
§$>s>0,
showing that
SeEA.
Since s = sup A, we then have
s<s.

However 1
S:=s+->s,
n

yielding a contradiction. Thus s € A is not possible.
Case 2. Assume s ¢ A. Since s = sup A and 0 € A, we deduce that

s>0.
In particular s ¢ A implies that
s> 2. (3.19)
Define 1
Si=s—~.
n
We have
2
o 1
e}
n
=52+ 1 22
n?2 n
1 s 1 1
2 .
>8f == —2- (usm —>——)
n?2 n & n? n2
1 . 1 1
>s2— =23 (usmg - = ——)
n n n? n
_ 2 1+ 2s
n
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Now we impose

which is equivalent to
n(s®—2)>1+2s.

By (3.19) we have s? > 2. Therefore we can divide by (s — 2) and get

1+ 2s
$2—2

n>

In summary, we have just shown that

1+ 2s
s2—2

n> = $#>2.

We also want to choose n in such a way that

s>0
This means
. 1 1
0<s=s—— — n>-—
n s
Therefore
. (1+2s 1 . 2
n > min , = - s>0, s§s°>2
s2—-2"s

In particular § ¢ A, and by definition of A we have
§>q, VYqeA.

Indeed, assume § < g for some q € A. Since § > 0, we can take the squares and
deduce that § < q2 < 2, which is a contradiction.

By definition we have § = (s — 1/n) € Q. Therefore § is an upper bound for A in Q. Since
s = sup A is the smallest upper bound, see (3.17), it follows that

s<s.

However

Si=s—=<s,
n
obtaining a contradiction. Then s ¢ A.

Conclusion. We have assumed by contradiction that s = sup A exists in Q. In this case either
s€ Aors ¢ A. Inboth instances we found a contradiction. Therefore sup A does not exist in Q.

The above theorem shows that the supremum does not necessarily exist. What about the infimum?
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Question 3.38
Let A C K be non-empty and bounded below. Does
inf A

always exist?

J

The answer to the above question is again NO. A set bounded below for which the infimum does
nor exist is, for example,

A=(210]n0Q.
The proof of this fact is, of course, very similar to the one of Theorem 3.37, and is therefore omitted.

In conclusion, infimum and supremum do not exist in general. The fields for which all bounded sets
admit supremum or infimum are called complete.

Definition 3.39: Completeness
Let (K, +,+, <) be an ordered field. We say that K is complete if the following property holds:
« (AC) For every A C K non-empty and bounded above

supAeK.

In particular, Theorem 3.37 can be re-stated as follows.

Theorem 3.40

Q is not complete. In particular, there exists a set A C Q such that
« Ais non-empty,
« A is bounded above,

« sup A does not exist in Q.

One of such sets is, for example,

A={geQ: g20, ¢*<2}.

Notation 3.41

1. Property (AC) is called Axiom of Completeness

2. If K is an ordered field in which (AC) holds, then K is called a complete ordered field

J

Notice that if the Axiom of Completeness holds, then also the infimum exists. This is shown in
the following proposition.
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Proposition 3.42

Let (K, +,-,<) be a complete ordered field. Suppose that A C K is non-empty and bounded

below. Then
infAeK.

Proof
Suppose that A C K is non-empty and bounded below. Then
—-A:={-a: ac A}

is non-empty and bounded above. By completeness we have that sup(—A) exists in K. From
Proposition 2.46 we deduce that inf A exists in K, with

inf A = —sup(—A).

Example 3.43

We have seen that (Q, +,-, <) is an ordered field. However Q is not complete, as proven in
Theorem 3.37.

3.6 Equivalence of Completeness and Cut Property

We can show that Completeness is equivalent to the Cut Property.
Theorem 3.44: Equivalence of Cut Property and Completeness
Let (K, +,, <) be an ordered field. They are equivalent:

1. K has the Cut Property
2. K is Complete

Remark 3.45: Ideas for proving Theorem 3.44

The proof of Theorem 3.44 is rather long, but the ideas are simple:
Step 1. Cut Property = Completeness.
Suppose K has the Cut Property. To prove that K is Complete, we need to:

1. Consider an arbitrary set A C K such that A # @ and A is bounded above.

2. Show that A has a supremum.

78



Numbers Sequences and Series Dr. Silvio Fanzon - S.Fanzon@hull.ac.uk

To achieve this, consider the set of upper bounds of A
B:={beK: b>a, Vac A},

We can show that the pair
(B, B)

is a Cut of K. As K has the Cut Property, then there exists s € K separator of (B¢, B). We will
show that such separator s is the supremum of A, i.e.,

s=supA.

This proves completeness of K. See Figure 3.7 for a schematic picture of the above construction.
Step 2. Completeness = Cut Property.
Conversely, suppose that K is Complete. To prove that K has the Cut Property, we need to:

1. Consider a cut (A, B) of K.
2. Show that (A, B) has a separator s € K.

This implication is easier. Indeed, since A is non-empty and bounded above (by the elements
of B), by Completeness there exists

s:=supA€K.

We will show that s is a separator for the cut (A, B), and therefore K has the Cut Property. See
Figure 3.8 for a schematic picture of the above construction.

s =sup A

|

| K
P

B¢ = not upper bounds of A B = upper bounds of A

A

Figure 3.7: Let s be the separator of the cut (B, B), with B the set of upper bounds of A. Then
s =sup A.

Figure 3.8: Let (A, B) be a cut of K and let s = sup A. Then s is the separator of the cut (A, B).

Keeping the above ideas in mind, let us proceed with the proof.
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Proof: Proof of Theorem 3.44

Step 1. Cut Property = Completeness.
We need to prove that K is complete. To this end, consider A C K non-empty and bounded
above. Define the set of upper bounds of A:

B:={beK: b>a, Vac A}.

Claim. The pair (B°, B) is a cut of K.
Proof of Claim. We have to prove two points:

« (B, B) forms a partition of K.

Indeed, we have B # @, since A is bounded above. Further, we have B¢ # @, since
A is non-empty. Thus
K=B‘uB, B‘nB=¢9.

Then (B°, B) is a partition of K.

« We have
x<y, VxeB,VyeB. (3.20)

To show the above, let x € B° and y € B. By definition of B we have that elements
of B® are not upper bounds of A. Therefore x is not an upper bound. This means
there exists a € A which is larger than x, that is,

x<a.
Since y € B, then y is an upper bound for A, so that
aly,VaeA.

Therefore

concluding (3.20).

Thus (B, B) is a cut of K and the claim is proven.
Since (B, B) is a cut of K, by the Cut Property there exists a separator s € K such that

x<s<y, VxeB vyeB. (3.21)

Claim. s is an upper bound for A.

Proof of Claim.

Suppose by contradiction that s is not an upper bound for A. Therefore by definition of upper
bound, there exists a € A such that

s<a.
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Consider the mid-point between s and 4, that is,

m::s+a€K.
2

Since m is the mid-point between s and 4, and s < 4, it holds
s<m<a.

Indeed, since s < a then

In particular the above tells us that m is not an upper bound for A, given thata € Aand m < a.
Therefore m € B, by definition of B°. Therefore(3.21) implies

m<s,

which contradicts s < m. Hence s is an upper bound of A, concluding the proof of Claim.
Conclusion. We have shown that s is an upper bound of A. Condition
(3.21) tells us that

s<y, Vy€eB.

Recalling that B is the set of upper bounds of A, this means that s is the smallest upper bound
of A, that is,
s=supA€K.

Step 2. Completeness = Cut Property.
Suppose K is complete. We need to show that K has the Cut Property. Therefore assume (A, B)
is a cut of K, that is,

A+Q, B=0Q,

K=AuB, AnB=9,
a<b, VYae€eA, vbeB. (3.22)

Since B # @, from (3.22) it follows that A is bounded above: indeed, every element of B is an
upper bound for A, thanks to (3.22). Since A # @, by the Axiom of Completeness we have

s=supA€eK.
In particular, by definition of supremum, we have
a<s,Va€eA.
Let now b € B be arbitrary. From (3.22) we have that
a<b, VacA. (3.23)
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Therefore b is an upper bound of A. Since s = sup A, we have that s is the smallest upper bound,
and so

s<b.

Given that b € B was arbitrary, it actually holds
s<b, vbeB. (3-24)
From (3.23) and (3.24) we therefore have
a<s<b,Vae A,VbeB,

showing that s is a separator of (A, B). Thus K has the Cut Property.

3.7 Axioms of Real Numbers

We now have all the key elements to introduce the Real Numbers R. These ingredients are:

« Definition of ordered field,
+ The Cut Property or Axiom of Completeness.

The definition of R is given in an axiomatic way.

Definition 3.46: System of Real Numbers R

A system of Real Numbers is a set R with two operations + and -, and a total order relation <,
such that

e (R,+,-, <) is an ordered field

« R sastisfies the Axiom of Completeness
For reader’s convenience we explicitly state the above mentioned properties.
1. There is an operation + of addition on R
+ :RxR—>R, (xy)—x+y

The addition satisifes: Vx,y,z € R

+ (A1) Commutativity and Associativity:
X+y=y+x

(x+y)+z=x+(y+2)
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+ (A2) Additive Identity: 30 € R s.t.
x+0=0+x=x
« (A3) Additive Inverse: 3(—x) € R s.t.
x+(=x)=(=x)+x=0
2. There is an operation - of multiplication on R
-t RxR->R, (xy)—x-y=xy

The multiplication satisifes: Vx,y,z € R

« (M1) Commutativity and Associativity:
X-y=y-x

(x-y)-z=x-(y-2)
« (M2) Multiplicative Identity: 31 € R s.t.

3. There is a relation < of total order on R. The order satisfies: Vx,y,z € R

« (O1) Reflexivity:
x<x
« (0O2) Antisymmetry:
x<yand y<x = x=y
+ (O3) Transitivity:
x<yand y<z = x=z

+ (O4g) Total order:

x<yor y<«x

4. The operations + and -, and the total order <, are related by the following properties:
Vx,y,z €R

« (AM) Distributive: Relates addition and multiplication via

x-(y+2)=x-y+x-z
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« (AO) Relates addition and order with the requirement:
x<y = x+z<y+z
« (MO) Relates multiplication and order with the requirement:
x>20,y>20 = x-y2>0

5. Axiom of Completeness:

« (AC) For every A C R non-empty and bounded above, there exists

supA €R

Remark 3.47

Since Axiom of Completeness and Cut Property are equivalent by Theorem 3.44, one can
replace the Axiom of Completeness in Definition 3.46 Point 5 with:

5. Cut Property holds:
« (CP) Every cut (A, B) of R admits a separator s € R s.t.

a<s<b, VaeA,vbeB

Notation 3.48
For x € R, x # 0, the multiplicative inverse is also denoted by

- 1
xli==,
X

Remark 3.49
Recall that
. (K,+,") is a field if they hold:
(A1)-(A3), (M1)-(M3), (AM)
« (K, +,-, <) is an ordered field if they hold
(A1)~(A3), (M1)-(M3), (01)-(04) ,(AM), (AO), (MO)

In particular we have that
R +,-2)
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is a complete ordered field: that is, an ordered field in which the Cut Property (CP) or
Axiom of Completeness (AC) hold.

Question 3.50
There are two main questions here:

1. We have only postulated the existence of R. Does such complete ordered field actually
exist?

2. Is R the only complete ordered field?

The answer to both questions is YES:

1. There are several equivalent methods for explicitly constructing the system R. One such
method uses Dedekind cuts. The interested reader can refer to the Appendix in Chapter
1 of [3], or Chapter 8.6 in [1].

2. It can be shown that (R, +,, <) is the only complete ordered field. Uniqueness is intended
in the following sense: if (K, +,, <) is another complete ordered field, then K looks like R.
Mathematically this means that there exists an invertible map ¥ : R — K, called isomorphism
of fields, which preserves the operations +, - and the order <.

In particular the following Theorem can be proven.
Theorem 3.51: Existence of the Real Numbers

There exists a complete ordered field (R, +, -, <) called the System of Real Numbers. Moreover
R is unique, up to isomorphism of fields.

3.8 Special subsets of R

In Definition 3.46, we introduced R as a complete ordered field, doing so axiomatically and in a non-
constructive manner. But what about the sets IN, Z, Q now? Are they still well-defined? Specifically,
can we say that

N,Z,Q CR?

The definitions we provided in Chapter 1 for N, Z, and Q are not directly linked to the real number
system R we just introduced. To address this issue, we will need to define new sets

Ng, Zr, Or

from scratch, relying solely on the axioms of R. The subscript R is used here to clearly distinguish

these new sets from the original ones.
35



Numbers Sequences and Series Dr. Silvio Fanzon - S.Fanzon@hull.ac.uk

3.8.1 Natural numbers

Let us start with the definition of Ni. We would like INy to be

Ng ={1,2,3,...}.

We are denoting the above numbers with bold symbols in order to distinguish them from the ele-
ments of R. The key property that we would like Ny to have is the following:

Every n € NR has a successor (n + 1) € Ny.
How do we ensure this property? We could start by defining
1:=1,

with 1 the neutral element of the multiplication in R, which exists by the field axiom (M2) in Defintion
3.46. We could then define 2 by setting
2:=1+1.

We need a formal definition to capture this idea.
Definition 3.52: Inductive set
Let S € R. We say that S is an inductive set if they are satisfied:

« 1€,
e Ifx€S, then(x+1)€S.

Note that in the above definition we just used:

« The existence of the neutral element 1, given by axiom (Mz2).
« The operation of sum in R, which is again given as an axiom.

Example 3.53

Question. Prove the following:

1. Ris an inductive set.

2. The set A = {0, 1} is not an inductive set.
Solution.

1. We have that 1 € R by axiom (M2). Moreover (x + 1) € R for every x € R, by definition of
sum +.

2. Wehavel € A but(1+1) ¢ A, sincel1+1 = 0.
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Since R is itself an inductive set, it is clear that the definition of inductive set is not sufficient to fully
describe our intuitive idea of INg. The right way to define N}, is as follows:

INR is the smallest inductive subset of R.

To make the above definition precise, we first need a Proposition.
Proposition 3.54

Let A be a collection of inductive subsets of R. Then

SszﬂM

Mell

is an inductive subset of R.

Proof
We have to show that the two properties of inductive sets hold for S:

1. We have 1 € M for every M € ./, since these are inductive sets. Thus

16(1 M=S.

Me

2. Suppose that x € S. By definition of S this implies that x € M for all M € /. Since M is
an inductive set, then (x + 1) € M. Therefore (x + 1) € M for all M € #, showing that
(x+1)€es.

Therefore S is an inductive set.
We are now ready to define the natural numbers INp.
Definition 3.55: Set of Natural Numbers

Let . be the collection of all inductive subsets of R. We define the set of natural numbers in

R as
Ng = () M.
Mel

J

Therefore Ny, is the intersection of all the inductive subsets of R. From this definition it follows that
INR is the smallest inductive subset of R, as shown in the following Proposition.

Proposition 3.56: INy, is the smallest inductive subset of R

Let C C R be an inductive subset. Then

NgCC.
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In other words, INR, is the smallest inductive set in R.

Proof

Let . be the collection of all inductive subsets of R. By definition

Ng= [ M.

Men
Let x € Ng. Then x € M for all M € /. Since C € ./ then x € C. This shows Ny C C.
The definition of Ny guarantees that all numbers in Ny are larger than 1.
Theorem 3.57

Let x € NR. Then

Proof

Define the set
C:={xeR: x>1}.

We have that C is an inductive subset of R.

By definition 1 € C. Suppose now that x € C, so that x > 1. Since 1 > 0O as a
consequence of the field axioms, we deduce that

x+1>2x+0=x2>1,
showing that x + 1 > 1. Thus (x + 1) € C.

By Proposition 3.56 we conclude that
NR CC,

showing that x > 1 for all x € Np.

Notation 3.58
We have just shown that all the numbers x € Ny satisfy

x2>1.

88



Numbers Sequences and Series Dr. Silvio Fanzon - S.Fanzon@hull.ac.uk

Moreover, by the fact that Ny is an inductive set, we know that

1+1¢€ ]N]R s
since 1 € INg. We denote

2:=1+1.
Similarly, we will have that

2+1¢ ]N]R s
since 2 € INg. We denote

3:=2+1.

In this way we give a name to all the numbers in INg.

3.8.2 Principle of induction

The Principle of Induction is a consequence of the definition of INR, see Definition 3.55, and of the
field axioms of R in Definition 3.46.

Theorem 3.59: Principle of Induction
Let a(n) be a statement depending on n € Ni. Assume that

1. a(1) is true.
2. If a(n) is true then also a(n + 1) is true.

Then a(n) is true for all n € INR.

Proof
Define the set
C :={x e NR : a(n)is true}.
We have that C is an inductive subset of R.
Indeed:

« 1 € Csince a(1) is true by assumption.
« Ifn € C then a(n) is true. By assumption a(n+1) is true. Therefore (n+1) € C.

By Proposition 3.56 we conclude that

Ng CC.
As by definition C € INR, we have proven that
N]R = C 5
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showing that a(n) is true for all n € Ng.

As a consequence of the principle of induction, we can prove that Ny is closed under the field
operations of sum and multiplication.

Theorem 3.60
For all n,m € Ni we have:
1. Ny is closed under addition, that is,

m+néeNg.

2. Np is closed under multiplication, that is,

m-n € Ng,

3. If m > n there exists k € INg such that

m=n+k.

Proof

We only prove the first point, the other statements are left as an exercise. Fix m € Ng. We prove
that
m+neNg, vneNg, (3-25)

by using induction.

« Induction base: We have m + 1 € INR, since m € N and INy, is an inductive set.
« Inductive hypothesis: Suppose m + n € INg. Since Ny, is an inductive set, we have (m +
n) + 1 € Ng. By associativity of the sum, see axiom (A1), we get

m+n+1)=(m+n)+1eNg,
which is the desired theis.

By the Induction Principle of Theorem 3.59 we conclude (3.25).

As a consequence of the above theorem, we see that the restriction of the operations of sum and
multiplication to INR are still binary operations:
+IIN]R><N]R—>]N]R, 'I]N]RXIN]R%N]R.

Equipped with the above operations, Ny satisfies the following properties.
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Theorem 3.61

(INR, +, -, <) satisfies the following axioms from Definition 3.46:

- (A1).
(Ma), (M2).
* (01)-(Og).
* (AM), (AO), (MO).

The proof is trivial, as it follows immediately from the inclusion of Ny in R.

3.8.3 Integers

We have seen in Theorem 3.60 that Ny is closed under addition. However INR, is not closed under
subtraction. We therefore define the set of integers Zp in a way that we can perform subtraction
of any two natural numbers.

Definition 3.62: Set of Integers
The set of integers in R is defined by

Zr :={m—n: n,me Ng}.

In the definition of Z we denote by —n the inverse of n in R, which exists by the field axiom (As3)
in Definition 3.46. The following characterization explains the relationship between Zp and Ng.

Theorem 3.63

It holds
Zr ={-n: neNg}u{0}uNg.

Proof

Define the set
M :={-n: neNg}u{0}uNg.

« M C Zg: Suppose m € M. We have 3 cases:

— If m € {~n : n € NR} then there exists n € INR such that m = —n. Thus
m=-n=1—(n+1)€Zg,

since 1 € Ni and n+ 1 € INR because n € INR.
— If m = 0 then
m=0=1—1€Z]R,
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as 1 € INg.
— If m € NR then
m=(m+1)—1€Zp,

since 1 € Ng and m + 1 € N, given that m € Np.

In all 3 cases we have shown that m € Zy, proving that M C Z.

o Zr C M: Let z € Zg. Then z = m — n for some n,m € INi. We have 3 cases:

— If m = n then
(A3)

z=m—-n=m—-m = 0€M.
— If m > n, by Theorem 3.60 there exists k € Ny such that m = k + n. Therefore
z=m-n=(k+n)—n

(Azl)k+(n—n)(A=3)k+0

(A:Z)keM,

since k € INR.
— If m < n, by Theorem 3.60 there exists k € NR such that n = k + m. Therefore

z=m-n=-keM,

since k € INg, where again we have used (implicitly) the field axioms (A1), (A2) and
(A3).

Therefore Zi = M.

Like we did with INg, we can also show that Zp, is closed under the operations of sum and multipli-
cation.

Theorem 3.64
For all n,m € Zg we have:
1. Zp is closed under addition, that is,

m+ne”Zg.

2. Zp is closed under multiplication, that is,

m-n€Zg,

J

The proof is left as an exercise. As a consequence of Theorem 3.64 we have that the restriction of
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the operations of sum and multiplication to Zp are still binary operations:

+ZZ]RXZ]R—>Z]R, ':Z]RXZ]R_)Z]R'
Equipped with the above operations, Zy satisfies the following properties.

Theorem 3.65

(Zg, +,-, <) satisfies the following axioms from Definition 3.46:

. (A1), (A2), (A3).

o (M1), (M2).

+ (01)-(Og).

. (AM), (AO), (MO).

Proof

The fact that
(A1)> (AZ)’ (Ml)’ (MZ), (Ol)-(04)3 (AM)> (AO)’ (MO)

are satisfied descends immediately from the inclusion
Zy CR.

We are left to prove (A3). This is non-trivial because a priori the additive inverse —z of some
z € Zg belongs to R. We need to check that —z € Z. Indeed, since z € Zg, there exist n,m € Ny
such that z = m — n. Define y :=n —m. We have that y € Zy and

z+y=m-n+n-m)=(m-m)+(mn—-n)=0.

Therefore y is the inverse of z and y € Zg, proving that the sum in Zy satisfies (A3).

Remark 3.66

Zp does not satisfy (M3).

For example, let us show that 2 € Zp has no inverse in Zg. Indeed, let m € Zg. By
Theorem 3.63 we have 3 cases:

« m € Ng: Since 2 > 1 we have
2-m>1-m2>1

where in the last inequality we used that m > 1 for all m € N, as shown in
Theorem 3.57. The above shows that

2-m>1,

and therefore m cannot be the inverse of 2.
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« m=0: Then 2-m = 0, so that m cannot be the inverse of 2.
« m = —n with n € Ng. Then
2-m=2-(-n)<0,

so that m cannot be the inverse of 2.

As we have exhausted all the possibilities, we conclude that 2 does not have a mul-
tiplicative inverse in INg.

3.8.4 Rational numbers

In Theorem 3.65 and 3.66 we have seen that Zp satisfy all the field axiom, except for (M3). We
therefore extend Zp in a way that the extension contains multiplicative inverses. The extension is
the set of rational numbers Qg.

Definition 3.67: Set of Rational Numbers

The set of rational numbers in R is

Or ::{m : meZyg, nEIN]R}.
n

Notice that in the above definition we are just using the field axiom (M3), with

The inverse of n exists because we are assuming n € N, and therefore n cannot be 0, as a conse-
quence of Theorem 3.57.

The set Qg is closed under addition and multiplication (exercise). Therefore they are well defined
the operations:

+: QrxQr = Qr, - : QrxQpr — Og.
Theorem 3.68

(QR, +,, <) is an ordered field.

Proof

All the field properties, except for (M3), follow from the inclusion

QrCR
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and from the field properties of R. To check (M3), let ¢ € Qg with q # 0. Therefore ¢ = m/n for
m € Zg,n € Ng. As q # 0 and n # 0, see Theorem 3.57, we deduce that m = 0. We have two
cases:

« m > 0: In this case m € N by Theorem 3.63. Therefore
n
=—c
p=- Qr

by definition, since n,m € Ni. By commutativity we have

m n
n m

q-p= =1.

« m < 0: Then m = —x with x € N by Theorem 3.63. Therefore
-n
p=—¢€0r
x
by definition, since —n € Zp and x € NR. By commutativity we have
m —-n_m -n

n x n -m
Therefore q always admits a multiplicative inverse g~ ! belonging to Qg, proving (M3).
The set Qg does not have the Cut Property or the Axiom of Completeness.
Theorem 3.69

Qg is not complete.

The proof of the above Theorem replicates exactly the proof of Theorem 3.37: This is because the
proof of Theorem 3.37 only makes use of field axioms, and thus it applies to Q.

Notation 3.70
From now on we denote
N:=Nr, Z:=Zr, Q:=0Qr,

dropping the subscript R.
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4 Properties of R

Now that we established the axiomatic definition of the Real Numbers R as a complete ordered
field, let us investigate some of the properties of R. These will be consequence of the axioms of the
real numbers, particulaly of the Axiom of Completeness.

4.1 Archimedean Property

The Archimedean property is one of the most useful properties of R, and it essentially states that
the set of natural numbers N is not bounded above in R.

More precisley, the Archimedean Property says two things:
1. For any x € R we can always find a natural number n € IN such that

n>x.

2. For any x € R with x > 0, we can always find a natural number m € IN such that

1
0<—<x.
m

The situation is depicted in Figure 4.2.

m

Figure 4.1: For any x > 0 we can find n,m € N such that 1/m < x < n.

Remark 4.1
The Archimedean property might sound trivial. However there are examples of ordered fields
K that satisfy:

1. NCK.
2. K does not have the Archimedean property.
3. In particular, IN is bounded above in K.

Of course such fields K cannot be complete.

If K is complete, then K is essentially R, and we are going to prove the Archimedean
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Property holds in R.

Let us proceed with the precise statement of the Archimedean property in R.
Theorem 4.2: Archimedean Property
Let x € R be given. Then:

1. There exists n € IN such that
n>x.

2. Suppose in addition that x > 0. There exists n € IN such that

1
-<x.
n

Proof
Part 1. Let x € R. Suppose by contradiction that there is no n € IN such that
n>x.
This means that
n<x VnelN. (4.1)

The above is saying that the set IN is bounded above. Since N is not empty, by the Axiom of
Completeness there exists
a =supIN.

Claim: (a — 1) is not an upper bound for IN.
Proof of Claim. Indeed, we have

(a—1D<a. (4.2)
Therefore o — 1 cannot be an upper bound for IN. Indeed, if by contradiction a — 1 was an upper

bound for N, then we would have
a<(a—1),

since « is the smallest upper bound for IN. This contradicts (4.2). Therefore ¢ —1 is not an upper
bound for IN.
Conclusion. Since a — 1 is not an upper bound for IN, there exists ny € IN such that

a—1<ngy.
The above implies

a<ng+1.
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Since
(ng+1)eN,

we have obtained a contradiction, given that ¢ was the supremum of IN. Thus (4.1) is false,
meaning that there exists n € IN such that

n>x.

Part 2. Suppose x € R with x > 0. We can define

1
yoi=—.
x

By Part 1 there exists n € IN such that
1
n>y=-—.
x
Using that x > 0, we can rearrange the above inequlaity to obtain

1

-<x,

n
which is the desired thesis.

There is another formulation of the Archimedean Property which, depending on the situation, might
be more useful. This formulation says the following: If x, y € R are such that

0<x<y,

then there exists n € IN such that
nx>y.

In other words, if one does n steps of size x in the positive numbers direction, then the resulting
number nx will be larger than y. The situation is depicted in Figure 4.2.

0 x 2z Yy 3z

Figure 4.2: For 0 < x < y there exists n € IN such that that nx > y. In the picture n = 3.

Theorem 4.3: Archimedean Property (Alternative formulation)
Let x,y € R, with 0 < x < y. There exists n € N such that

nx>y.

98



Numbers Sequences and Series Dr. Silvio Fanzon - S.Fanzon@hull.ac.uk

Proof
Suppose by contradiction there is no natural n € IN such that
nx>y.

This means that
nx<y, VnelN. (4.3)

Define the set
A :={nx : neNN}.

Condition (4.3) is saying that A is bounded above by y. Morever A is trivially non-empty. By
the Axiom of Completeness there exists

a=SsupA.
Since « is the supremum of A, by definition of supremum and of the set A, we have
nx<a, VnelNN. (4-4)
As (4.4) holds for every n € N, then it also holds for (n + 1), meaning that
n+1)x<a.

The above implies

As n was arbitrary, we conclude that
nx<a—x, VneN.

The above is saying that (@ — x) is an upper bound for A. Since «a is the supremum of A, in
particular « is the smallest upper bound. Thus it must hold

ala—x.

The above is equivalent to
x<0,

which contradicts our assumption of x > 0. Therefore (4.3) is false, and there exists n € IN such
that
nx>y,

concluding the proof.
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4.2 Nested Interval Property

Another consequence of the axiom of completeness is the Nested Interval Property. This is yet
another way of saying the same thing: R does not have gaps.

Let us look at a construction. Suppose given some closed intervals

L :=la,b,] ={x€eR: aq,<x<b,},
where the end points are ordered in the following way:

a<a <. <a, << b, < by < by,

as shown in Figure 4.3.

[an, bn]

ay as an b by by

[az, b]

Figure 4.3: Nested intervals I, = [a,, b,].

The intervals I, are nested, meaning that
L>LDo>LED...I,D..

For finite intersections we clearly have

k
(5 = k.
n=1

that is, intersecting the first k intervals yields I, the smallest interval in the sequence.
Question 4.4

Consider the infinite intersection

I :={xeR: xel,,vneN}.

n=1

What can we say about it? Is it empty? Is it not empty?

J

The answer is that the infinite intersection is not empty, because R was constructed in a way that it
does not have gaps.

Theorem 4.5: Nested Interval Property

For each n € IN assume given a closed interval

L :=la,b,]={x€eR: aq,<x<b,}.
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Suppose that the intervals are nested, that is,

I,>L, VYnelN.

Then -
ﬂ L#0. (4-5)
n=1
Proof
By definition we have
ﬂ[n :={x€eR: x€l,,vneN}.
n=1

We want to prove (4.5). This means we need to find a real number x such that
xel,, vneN. (4.6)
Idea of the Proof: Condition (4.6) is saying that it should hold
a, <x<b,, VneN.

Since ay, is increasing and b, is decreasing, the point x is being squeezed between
these two sequences. This suggests x should be the largest (i.e. the supremum) of
all a,;s and smallest (i.e. the infimum) of all the bys.

Define the set
A :={a, : n€N}.

The set A is non-empty and is bounded above by any of the b,,. Therefore there exists
x=sup A.
By definition of supremum and definition of the set A, we have
a, <x, VnelN.
On the other hand, consider an arbitrary number b,. By construction we have
@ <b,, VieN.

Therefore b, is an upper bound for A. Since the supremum is the smallest upper bound, we
conclude that
x<b,.
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The index n was chosen arbitrarily, and therefore
x<b,, VneN.

In total we have
a, <x<b,, VneNlN,

showing that x satisfies (4.6). Therefore (4.5) holds and the proof is concluded.
Important

The assumption that I, is closed is crucial in Theorem 2.59. Without such assumption the thesis
of Theorem 2.59 does not hold in general, as seen in Example 4.6 below.

Example 4.6

Question. Consider the open intervals

These are clearly nested
I,oILy, VYneN.

Prove that

o
Nh=0. (4.7)
n=1
Solution. Suppose by contradiction that the intersection is non-empty. Then there exists x € N
such that
x€l,, vnelN.

By definition of I, the above reads

0<x<l, vneN. (4.8)
n
Since x > 0, by the Archimedean Property in Theorem 2.57 Point 2, there exists ny € IN such
that
1
0<—<x.
Ny

The above contradicts (4.8). Therefore (4.7) holds.
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4.3 Revisiting Sup and inf

We now investigate some of the properties of supremum and infimum in R. The first property is an
alternative characterization of the supremum, which we will often use. A sketch of such characteri-
zation is in Figure 4.4 below.

Proposition 4.7: Characterization of Supremum

Let A C Rbe a non-empty set. Suppose that s € Ris an upper bound for A. They are equivalent:

1. s=supA
2. For every ¢ > 0 there exists x € A such that
s—e<X.
A v
t——=t K

Figure 4.4: Let s = sup A. Then for every ¢ > 0 there exist x € A such that s — ¢ < x.

Proof: Proof of Proposition 2.61

Step 1. Assume that
s=supA.

Let € > 0 be arbitrary. We clearly have that
s—e<s. (4.9)

Therefore (s—¢) cannot be an upper bound of A. Indeed, if by contradiction (s—¢) was an upper
bound, then we would have
s<(s—e),

since s is the smallest upper bound. The above contradicts (4.9), and therefore (s — ¢) is not an
upper bound for A. Hence there exists some x € A such that

s—e<x,

concluding.
Step 2. Assume that Point 2 in the statement of Proposition 2.61 holds. By assumption we have
that s is an upper bound for A. Suppose by contradiction that

s#SupA.
This is equivalent to the statement
s is not the smallest upper bound of A. (4.10)
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Hence there exists an upper bound b of A such that

b<s.
Let
e:=s—b.
By assumption there exists x € A such that
s—e<x.

Substituting the definition of ¢ we get
s—s+b<x = b<x.

Since b is an upper bound for A and x € A, the above is a contradiction. Therefore (4.10) is false,
and s is the smallest upper bound of A. Thus s = sup A.

The analogue of Proposition 2.61 is as follows. The proof is left as an exercise.
Proposition 4.8: Characterization of Infimum

Let A C R be a non-empty set. Suppose that i € R is a lower bound for A. They are equivalent:

1. i=infA
2. For every ¢ € R, with ¢ > 0, there exists x € A such that

x<i+e.

A sketch of the characterization in Proposition 2.62 can be found in Figure 4.5 below.

: A
| Y L

o —1} K
1

1T €&
Figure 4.5: Let i = inf A. Then for every ¢ > 0 there exist x € A such that x <i +e.

With the above characterizations of supremum and infimum, it will be easier, in some cases, to
compute infimum and supremum. We now characterize infimum and supremum of an open interval
of R.

Proposition 4.9
Leta,b € Rwitha < b. Let
A:=(@b)={xeR: a<x<b}.
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1. We have that
infA=a, supA=0>.

2. min A and max A do not exist.

Proof
Part 1. We will only prove that

infA=a,
since the proof of

supA=>b

is similar.
By definition of A, we have that
a<x, VxeA.

The above says that a is a lower bound for A.
Claim. a is the largest lower bound of A.
Proof of Claim. Let L be a lower bound for A, that is,

L<x, VxeA.

We have to prove that
L<a.

Suppose by contradiction that (4.11) does not hold, namely that

a<lL.

(411)

We want to prove that L < b. To conclude this, first observe that the midpoint between a and b

belongs to A:
a+b A
2
Indeed, using that a < b, we have
a+b _ 2a
> —=a,
2 2
and
a+b _2b
< ==b,
2 b

showing that the midpoint between a and b belongs to A.
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Since L is a lower bound for A, and € A, we have

atb
2
a+b

L< 5 <b, (4.12)

where in the second inequality we used that a < b. In particular, we have proven thata < L < b,
which means that L € A.
We now want to find an element of A which is less than L. A good candidate is the midpoint

between a and L, that is,
M= a+ L .
2

Since a < L < b, we have that

Indeed, using that a < L, we have

Using that L < b, we have

a+L _a+b
2 2

Thus a < M < b, showing that M € A.

M =

Moreover
M<L.

This is because a < L, and therefore

avl 2
2 2

M =

This is a contradiction, since L is a lower bound for A and M € A. Therefore (4.11) holds,
showing that a is the largest lower bound of A. We conclude that a = inf A.
Part 2. Suppose by contradiction that min A exists. We have shown that if the minimum of a
set exists, then it must be

min A = infA.

Since
infA=a,

by Proposition 4.9, we would obtain that
minA=a.

As min A € A by definition, we infer a € A. This is contradiction. Then min A does not exist.
The proof that max A does not exist is similar, and is left as an exercise.
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We can also consider intervals for which one or both of the sides are closed.
Corollary 4.10
Leta,b € Rwitha < b. Let

A:=[ab)={xeR: a<x<b}.

Then
minA =infA=a, supA=0>,

max A does not exist.

J

The proof is very simple, and is left as an exercise. Let us now compute supremum and infimum of
a set which is not an interval.

Proposition 4.11

Define the set

A ::{l : nE]N}.
n
Then
infA=0, supA=maxA=1.
Proof

Part 1. We have .

n

<1, VvnelN.
Therefore 1 is an upper bound for A. Since 1 € A, by definition of maximum we conclude that
maxA=1.
Since the maximum exists, we conclude that also the supremum exists, and
supA=maxA=1.

Part 2. We have .
->0, VneN,
n

showing that 0 is a lower bound for A. Suppose by contradiction that 0 is not the infimum.
Therefore 0 is not the largest lower bound. Then there exists ¢ € R such that:

« ¢is alower bound for A, that is,

1
e< =, VneN, (4.13)
n
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« ¢islarger than 0:
0<e.

As ¢ > 0, by the Archimedean Property there exists ny € IN such that

1
0<—<e.
)

This contradicts (4.13). Thus 0 is the largest lower bound of A, that is, 0 = inf A.
Part 3. We have that min A does not exist. Indeed suppose by contradiction that min A exists.
Then

min A = infA.

As inf A = 0 by Part 2, we conclude min A = 0. As min A € A, we obtain 0 € A, which is a
contradiction.

4.4 Existence of k-th Roots

We have started our discussion in Chapter 1 by proving that
V2¢Q. (4-14)

We have shown that (4.14) implies that the set

A:={geQ: ¢*<2}
does not have a supremum in Q. We then introduced the Real Numbers R so that each non-empty
and bounded above set would have a supremum. As the set A is non-empty and bounded above,
there exists a € R such that

a=SsupA.
We are going to prove that
a? = 2,

which means that « is the square root of 2.
More in general, we can prove existence of k-th roots: Let x € R with x > 0 and k € IN. Define the
set

A:={teR: tf<x}

We will see that A is non-empty and bounded above. By the axiom of completeness there exists
a € R such that
a=supA

In the following Theorem we will prove that

meaning that « is the k-th root of x.
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Theorem 4.12: Existence of k-th roots
Let x € R with x > 0 and k € IN. Define the set
A={teR: t"* <x}.

There exists « € R such that
a=SsupA.

Moreover it holds that

akzx.

J

The proof of Theorem 4.12 rests on similar ideas to the ones used to prove that Q does not have the
cut property.

Proof: Proof of Theorem 4.12

Part 1: Uniqueness.
Suppose a1, @y € R are such that
ok =af =x.

If o1 # ay, then

k k
o *ay,

obtaining a contradiction. Therefore a; = a,.
Part 2: Existence.
Let x € R with x > 0. If x = 0 there is nothing to prove, as

ok =o,
so that @ = 0. Therefore we can assume x > 0. Define the subset of R
A:={teR: tF<x}.
Clearly A is non-empty and bounded above.

An upper bound is given, for example, by b : = x+1. Indeed, since we are assuming
x > 0, then x + 1 > 1. In particular we have

(x+1F>x+1.

Lett € A. Then
tF<x<x+1<(x+1F,

showing that t < x + 1.
By the Axiom of Completeness of R, there exists & € R such that
a=SsupA.
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We claim that

ok =x. (4.15)

Suppose by contradiction that (4.15) does not hold. We will need the formula: For all a,b € R it
holds
d¥ — b = (a—b)(@ ! + a2 + dF 3K + .+ abk 2 4 Y. (4.16)

Formula (4.16) can be easily proven by induction on k. Since we are assuming that (4.15) does
not hold, we have two cases:

« a* < x: We know that « is the supremum of A. We would like to violate this, by finding

a number L which is larger than «, but still belongs to A. This means L has to satisfy
a<lL, IF<x.

We look for L of the form

for n € IN to be chosen later. Clearly

a<lL,, (4-17)
for all n € IN. We now search for ny € IN such that
L’,fo <x.
Using formula (4.16) with a = a and b = L, we obtain
Lﬁo —ak = L (Lﬁo_l + Lﬁo_za +...+ Lnootk_2 + ak_l) . (4.18)
oy
Now notice that (4.17) implies '
a < Lflo
for all j € IN. Using this estimate on all the terms o/ appearing in the RHS of (4.18) we
obtain

1 - - - -
Lﬁo —ak = - (Lﬁo ! +L§0 2a+...+Lnoak 2 4ok 1)
0

U (rk=1_ rk=2 k-2 k-1
< (LEY + LE 2Ly + o+ Ly LE2 4 L)
k x
=& Lﬁo 1
o
Rearranging the above we get

Lﬁo < k L],io_l +ak. (4.19)
Ny
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Now note that

1
Ly=a+—<a+1.
o

Therefore
Lt < (a+ k1,
and from (4.19) we obtain

k _
L];0<n—(a+1)k 1y gk,
0

We wanted to find ny € IN so that Lﬁo < x. Therefore we impose

£(0(+1)k_1+05k<x,
Ny

and find that the above is satisfied for

k(o + 1)k1

ny
x —ak

(4.20)

Notice that the RHS in (4.20) is a positive real number, since ok < x by assumption.

Therefore, by the Archimedean Property of Theorem 2.57 Point 1, there exists ny € IN
satisfying (4.20).
We have therefore shown the existence of ny € IN such that
a <Ly, Lﬁo <x.
The above says that L, € A and that
Ln0 >a=supA,

which is a contradiction, as sup A is an upper bound for A.

« a* > x: We know that « is the supremum of A. We would like to find a contradiction, by

finding an upper bound L for A which is smaller than «. This means L has to satisfy
L<a, LF>x.
Such L is an upper bound for A: If t € A then

th<x<1¥* = t<L.

We therefore look for L of the form
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for n € N to be chosen later. In this way

L, <«a, (4.21)
for all n € IN. We now search for ny € IN such that

Lﬁo >x.

Using formula (4.16) with a = L, and b = a we obtain

1 _ _ _ _
ak - Lﬁo = (ak 14 gk 2Ln0 +...+ aLﬁO 24 Lﬁo 1) . (4.22)
0

Now notice that (4.21) implies
Lﬁo <a

for all j € IN. Using this estimate on all the terms Lﬁo appearing in the RHS of (4.22) we
obtain

k_ok _ 1/ k1, k-2 k=2 , 7k-1

a —Lno—no(a +a" Ly +...+aly, +Ln0)
1 _ _ _ _
<—(ak1+ock 204 ..+ adk 2 + oF 1)
ny

k i

Lo

ny

Rearranging the above we get

ko
L’,fo>ak——ak L
o

We wanted to find ny € N so that Lﬁo > x. Therefore we impose

k
ak - — ak 1 >x,
Ny
and find that the above is satisfied for

kakfl
k

ny > (4.23)

ar —Xx

Notice that the RHS in (4.23) is a positive real number, since @ > x by assumption.

Therefore, by the Archimedean Property of Theorem 2.57 Point 1, there exists n, € IN
satisfying (4.23).
We have therefore shown the existence of ny € IN such that

Ly, <a, Lﬁo > x.
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Condition Lﬁo > x says that L, is an upper bound for A. At the same time it holds
Ly, <a=supA,
which is a contradiction, as sup A is the smallest upper bound for A.

k k

Therefore, both cases a* > x and a* < x lead to a contradiction. Hence af = x, concluding.

Definition 4.13: k-th root of a number
Let x € R with x > 0 and k € IN. The real number « such that
af = x

is called the k-th root of x, and is denoted by

¥x :=a.

4.5 Density of Q in R

A set S is dense in R if the elements of S are arbitrarily close to the elements of R.
Definition 4.14: Dense set
Let S € R. We say that S is dense in R if for every x € R and ¢ > 0, there exist s € S such that

lx —s|<e.

In other words, the above definition is saying that S and R are tightly knitted together. An equivalent
definition of dense set is given below.

Remark 4.15
Let S € R. They are equivalent:

« SisdenseinR.
« For every pair of numbers x, y € R with x < y, there exists s € S such that

x<s<y.

We now prove that Q is dense in R.
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Theorem 4.16: Density of Q in R

Let x,y € R, with x < y. There exists g € Q such that

x<qg<y.

I omm
Figure 4.6: Let n € N be such that 1/n < y — x. Then take m so that m/n € (x, y).

Proof
We need to find g € Q such that
x<qg<y. (4.24)

By definition of Q, we have that q has to be of the form ¢ = m/n for m € Z and n € N. Therefore
(4.24) is equivalent to finding m € Z and n € IN such that

m
x < o <y. (4-25)

The idea is to proceed as in Figure 4.6: We take n such that 1/n is small enough, so that we can
make m jumps of size 1/n and end up between x and y.

To this end, note that y — x > 0 by assumption. By the Archimedean Property in Theorem 2.57
Point 2, there exists n € IN such that

1 <y-—x. (4.26)
n
Now, we would like to find m € Z such that

m
x < —.
n

However m cannot be too large, because we also want to have

m
—<Yy.
n

The right thing to do, is to take m € Z such that

-1
m <x<Z. (4.27)
n n

Why does such m exist? The inequality in (4.27) is equivalent to
m—1<nx<m.

As nx > 0, by Archimedean Property in Theorem 2.57 Point 1, there exists m € Z
such that
nx<m
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We can then choose m’ to be the smallest element in Z such that
nx<m. (4.28)

For such m’, we have that
m —1<nx<m.

Indeed, if by contradiction
m’ —1>nx,

then m” — 1 would be another integer such that (4.28) holds. Since m’ —1 < m’, this
contradicts the minimality of m’.

The second inequality in (4.27) implies
m
x< —,
n
which is the first inequality in (4.25). Now note that (4.26) is equivalent to
1
x<y—-—.
n
We can use the above, and the first inequality in (4.27) to estimate
m<1+nx
<1l+n (y - l)
n
= ny s

which yields
m
—<y.
n

Therefore the second inequality in (4.25) is proven, concluding the proof.

We have constructed the real numbers R so that they would fill the gaps of Q. Formally, these gaps
are the numbers in R\ Q. Let us give a name to this set.

Definition 4.17: Irrational numbers
The set of irrational numbers in R is

J :=R\OQ.
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Question 4.18

How many gaps does Q have? In other words, how many irrational numbers are out there?

The answer is quite surprising, and is a corollary of the density result of Theorem 4.16: The irrational
numbers are dense in R.

Corollary 4.19

Let x,y € R, with x < y. There exists t € .¥ such that

x<t<y.
Proof
Consider

¥i=x-+2, j:i=y-+2.
Since x < y, we have
xX<y.

By Theorem 4.16 there exists g € Q such that

xX<qg<y.
Adding V2 to the above inequalities we get

x<t<y, t:=q+2. (4.29)

We claim that t € .#. Indeed, suppose by contradiction t € Q. Then
V2=t- qeQ,

since t,q € Q, and Q is closed under summation. Since J2 € .7, we obtain a contradiction. Thus
t € F and (4.29) is our thesis.

4.6 Cardinality

We have proven that the sets or rational numbers Q and irrational numbers .# are both dense in R,
with
R=Qu.7.

From this result we might think that R is obtained by mixing Q and .¥ in equal proportions. This
is however false. We will see that R has much more elements than Q. Therefore also the set of
irrational numbers .# is much larger than Q.
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To make the above discussion precise, we need to introduce the size of a set. For this, we need the
concept of bijective function.

Definition 4.20: Bijective function
Let X,Y be sets and f : X — Y be a function. We say that:
1. f is injective if it holds:
fO=f0) = x=y.
2. f is surjective if it holds:

VyeY, dxe X st. f(x)=y.

3. f is bijective if it is both injective and surjective.

In other words: A function f: X — Y is:

1. Injective if any two different elements in X are mapped into two different elements in Y.
2. Surjective if every element in Y has at least one element in X associated via f.
3. Bijective if to each element in X we associate one and only one element in Y via f.

Example 4.21: Injectivity

Consider the sets
X=1{1,2,3}, Y={abcde}.

1. The function f: X — Y defined by
fM=c¢, f@=a, [fB)=e,
is injective.
2. The function g : X — Y defined by
g =c, g@)=a, gB)=c,

is not injective, since
g(1)=g(3)=c, 1+3.

3. The function i : R — R defined by
h(x) = x?

is not injective, since

h(1)=h(-1)=1, 1%-1.
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4. The function!: R — R defined by
I(x)=2x

is injective, since

)=1y) = 2x=2y = x=y.

Example 4.22: Surjectivity

Consider the sets
X ={1,2,3,4}, Y ={a,b,c}.

1. The function f: X — Y defined by
fW=c, f@)=a, f@B)=a, f4)=0b,
is surjective.

2. The function g : X — Y defined by
g =a, g@)=a, gB)=c, gM4)=a,
is not surjective, since there is no element x € X such that
gx)=0b.
3. The function A : R — R defined by
h(x) = x?
is not surjective, since there is no x € R such that
h(x) =x*=-1.
4. The function!: R — [0, o0) defined by
I(x) = x?
is surjective, since for every y > 0 there exists x € R such that

Ix)=x*=y.

This is true by Theorem 4.12.
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Example 4.23: Bijectivity

1. Let X ={1,2,3},Y = {a,b, c}. The function f: X — Y defined by

fW=c, f@)=a, [f(3)=0b,
is bijective, since it is both injective and surjective.

2. Let X ={1,2,3},Y = {a,b}. The function g : X — Y defined by
g)=a, g)=b, gB3)=b,
is not bijective, since it is not injective: we have
g2)=g(3)=b 2=+3.
3. Let X ={1,2},Y = {a,b, c}. The function h: R — R defined by
h(1)=a, h@)=c,
is not bijective, since it is not surjective: there is no x € X such that
h(x)="b.
4. Let X ={1,2,3},Y ={a, b, c}. The function!: R — [0, o) defined by
I(1)=a, I2)=a, I3)=0,

is not bijective, as it is neither injective nor surjective.

Definition 4.24: Composition of functions

function

gof: X—>2Z, (gef)x):=g(f(x).

Let X,Y,Zbesetsand f: X = Y, g: Y — Z functions. The composition of f with g is the

Definition 4.25: Identity map
The identity map on a set X is the function

dy: X > X, idy(x)=x.
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Definition 4.26: Invertibility

Let X,Y be sets and f : X — Y. We say that:

1. A function g : Y — X is the inverse of f if
gof=idx, feg=idy.

2. f is invertible if it admits an inverse g.

Proposition 4.27
Let X,Ybesetsand f: X - Y.
1. If f is invertible, the inverse is unique. We denote it by
g:=f"

2. They are equivalent:

« f is invertible.
« f is bijective.

We are ready to define the size of a set.

Definition 4.28: Cardinality, Finite, Countable, Uncountable

of X by
|X| :=# of elements in X .

Further, we say that:
1. X is finite if there exists a natural number n € IN and a bijection
f:{,2,...,n} > X.

In particular
X|=n.

2. X is countable if there exists a bijection
f:N->X.
In this case we denote the cardinality of X by

|1 X| = IN|.

3. X is uncountable if X is neither finite, nor countable.

Let X be a set. The cardinality of X is the number of elements in X. We denote the cardinality
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In other words:

1. X is finite if it can be listed as

X ={x1,.... %}, % := f(Q)
for some n € N.

2. X is countable if it can be listed as

X={x,: neN}, x,:=f(n)
3. X is uncountable if it X cannot be listed.
Remark 4.29

The functions in Definition 4.28 are bijections. Therefore they are invertible, and points 1 and
2 are equivalent to requesting there exist bijections

f: X-{1,2,..,n}, f: X->N,

respectively.

Question 4.30

Is there an intermediate cardinality between finite and countable?

The answer is no, as shown in the next proposition.
Proposition 4.31

Let X be a countable set and A C X. Then either A is finite or countable.

Proof

If A is finite, there is nothing to prove. Therefore suppose A is not finite. Since X is countable
there exists a bijection
f:N-X.

This means X can be listed as
X={x,: neN}, x,:=f(n).
Our goal is to list the elements of A. Therefore, we consider the set of indices of elements in A:
L :={neNst f(meAl={neN: x, € A}.
Clearly, I; # @, since f is bijective and A is a non-empty subset of X. Since I; is discrete and
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bounded below, there exists n; € IN such that
ny =minl .
This way, x,, is the first element of A that we encounter in the list of elements of X:
X = {x1, X2, X3, X4, X5, ...} .

We define
g() := f(ny) = xy, -

Now, we want to find the second element of A in the list of elements of X. We need to make
sure that we do not pick x, again. Therefore, we define the set of indices of elemets in A wich
are not x; :

L :={neN: n>ny, f(n) € A}
={neN: n>ny,x, € A}.

This way I, does not contain ny, but only successive indices. Note that I, is non-empty, since f
is surjective and A is an infinite subset of X. Therefore it is well defined

ny :=minl,.

Notice that by construction
ng<nz, X, €A.

Set
g(2) := f(ny).

Iterating this procedure, we define

L :={neN: n>n._q, f(n) e A}
={neN: n>m_q,x, € A}.

and set
ne=minl, gk) := f(n).

Note that, by construction, we have
N >ne_1, X, €A, VkeNN.
In this way we have defined a function
g:IN—->A.

We have:
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« g is injective: Suppose g(k) = g(s). Then f(n;) = f(ns). From injectivity of f we infer
ng = ng. Since n > n_q for all k, from the condition n; = ng we conclude that k = s. This
shows g is injective.

«+ g is surjective: If x € A, by surjectivity of f there exists i € N such that f(7) = x.
Therefore
ne{fneN st f(n)e Al=1.

Hence, by construction, there is an index k € IN such that n = 7. Thus g(k) = f(n) = x,
showing that g is surjective.

Hence g is bijective, showing that A is countable.

Example 4.32

Question. Prove that X = {a, b, ¢} is finite.
Solution. Set Y = {1, 2, 3}. The function f: X — Y defined by

fM=a, f@=b, f)=c,

is bijective. Therefore X is finite, with | X]| = 3.

Example 4.33

Question. Prove that the set of natural numbers N is countable.
Solution. The function f: X — N defined by

f(n) :=n,

is bijective. Therefore X = IN is countable.

Example 4.34
Question. Let X be the set of even numbers
X ={2n: neN}.

Prove that X is countable.
Solution. Define the map f: IN — X by

f(n) :=2n.

We have that:

123



Numbers Sequences and Series Dr. Silvio Fanzon - S.Fanzon@hull.ac.uk

1. f is injective, because

f(m)=f(k) = 2m=2k m=k.

2. f is surjective: Suppose that m € X. By definition of X, there exists n € IN such that
m = 2n. Therefore, f(n) = m.

We have shown that f is bijective. Thus, X is countable.

Example 4.35

Question. Prove that the set of integers Z is countable.
Solution. Define f : N — Z by

if n even

if n odd

NS

f) := n+1
2

For example
foO =0, fW)=-1, f@=1, fB)=-2,
f@=2, fG)=-3, f6)=3, f(7)=-4.
We have:

1. f isinjective: Indeed, suppose that m # n. If n and m are both even or both odd we have,
respectively

fm) =

* 2= fn)
+ +1
flm) = -T= = 2o = f(n).
2 2
If instead m is even and n is odd, we get
n+

flmy =% = 22 = fa).

since the LHS is positive and the RHS is negative. The case when m is odd and n even is
similar.

— 3

2. f is surjective: Let z € Z. If z > 0, then m := 2z belongs to N, is even, and

fm) = f(22) =z

If instead z < 0, then m := —2z — 1 belongs to N, is odd, and
fm)=f(-2z-1)=z.

Therefore f is bijective, showing that Z is countable.
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We have seen that the sets N and Z are countable. What about Q? To study this case, we need the
following result.

Proposition 4.36

Let the set A, be countable for all n € IN. Define

A=) a4,

nelN

Then A is countable.

Proof
Since each A; is countable, we can list their elements as
A ={d, : ke N}={d,, dy, d}, d}, ..}.

The proof that A is countable is based on a diagonal argument by Georg Cantor, see Wikipedia
page. The idea is that we can list the elements of the sets A; in an infinite square: In the first
row we put the elements of Ay, in the second row the elements of A,, and so on. Therefore
the i-th row contains the elements of A;. This procedure is illustrated in Figure 4.7. Therefore
this infinite square contains all the elements of A. We then list all the elements of the square by
looking at the diagonals, as shown in Figure 4.7. This procedure defines a function f : N — A.
For example the first few terms of f are

fM=a, f@=a;, fB)=df, f@=q.

Since f is injective and surjective, we have that A is countable.

Ay }——a} ay — a}
/ s
Ay
l/ / /
As:
e
Ay ai a3 a3
v
As: @ a3 aj

Figure 4.7: The i-th row contains all the elements ail, aé, aé, ... of the countable set A;. We define the
function f: IN — A by going throgh the square diagonally.
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Theorem 4.37: Q is countable

The set of rational numbers Q is countable.

Proof

For i € IN define the sets
L; ::{ﬁ : meZ}.

1

(2=

is a bijection. As Z is countable, we deduce that L; is countable. Therefore the set L defined by

L::ULI-

i€EN

We have that f : L; — Z defined by

is countable by Proposition 4.36. Clearly, we have
QcCL.

Since L is countable, and Q is not finite, by Proposition 4.31 we conclude that Q is countable.

We have proven that the sets

are all countable. What about R?

Theorem 4.38: R is uncountable

The set of Real Numbers R is uncountable.

Proof

Suppose by contradiction R is countable. Then there exists a bijection f : N — R, meaning
that we can list the elements of R as

]R:{xlaxzsx?)’xélaxss"'}’ Xi :f(l)

Let I; be a closed interval such that
X1 ¢ Il .

Now, we have two possibilities:
1. If x, € I}, then we can find a closed interval I, such that
xxeL, LCL (4-30)

126



Numbers Sequences and Series Dr. Silvio Fanzon - S.Fanzon@hull.ac.uk

2. If x, ¢ I}, we define the closed interval I, : = I;. By construction, (4.30) is satisfied.
To summarize, we have found closed intervals I; and I, such that
x1¢L, x¢lL, LCI.
We can iterate this procedure, and construct a sequence of closed nested intervals I, such that
LinCL, x,¢l,,

for all n € IN, see Figure 4.8. Since x;. ¢ I, we conclude that

% ¢()h. VvkeN.

n=1

As the points x;. are all the elements of R, we conclude that

(N h=9.
n=1

However, since each I, is closed, the Nested Interval Property of Theorem 2.59 implies that

ﬂ L+,
n=1

yielding a contradiction. Therefore R is uncountable.

Tn

I7L+1
Figure 4.8: The intervals I, are nested, and can be chosen so that x,, ¢ I,.
As a corollary we obtain that also the irrational numbers are uncountable.
Theorem 4.39

The set of irrational numbers
J :=R\Q

is uncountable.
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Proof

In Theorems 2.74, 2.75 we have shown that R in uncountable and Q is countable. Suppose by
contradiction that .# is countable. Then

QuJs
is countable by Proposition 4.36, being union of countable sets. Since by definition
R=Qu.7,

we conclude that R is countable. Contradiction.
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5 Complex Numbers

In Section 4.4, we have proven the existence of /x for all for x > 0. The number \/x was defined
as
JXx i=a, a:=sup{teR: t? <x}.

We then proved that

a‘=x
This procedure is possible for any x > 0.
Question 5.1
Is there a number a € R such that
a’=-17? (5.1)

The answer to the above question is no. This is because R is an ordered field, and from axiom (MO)
it follows that:
x% > 0, VxeR.

However we would still like to solve equation (5.1) somehow. To do this, we introduce the imaginary
numbers or complex numbers. We define i to be that number such that

i*=-1.
Formally, we can also think of i as
i=+v-1.
We can use this speacial number to define the square root of a negative real number x < 0:
Jx = if—x.

Note that /—x is properly defined in R, because —x is positive when x is negative.

5.1 The field C

We would like to be able to do calculations with the newly introduced complex numbers, and inves-
tigate their properties. We can introduce them rigorously as a field, as we did for R.
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Definition 5.2: Complex Numbers
The set of complex numbers C is defined as

C:=R&®iR:={x®iy: x,y€cR}.

In the above the symbol @ is used to denote the pair

x®iy=(x,y)
with x, y € R. This means that x and y play different roles.
Definition 5.3

For a complex number
z=x@iyeC

we say that
« x is the real part of z, and denote it by
x = Re(z)
« y is the imaginary part of z, and denote it by
y =Im(z)
We say that

« If Rez = 0 then z is a purely imaginary number.
« If Imz = 0 then z is a real number.

J

In order to make the set C into a field, we first have to define the two binary operations of addition
+ and multiplication -,
+,- : CxC—-C.

Then we need to prove that these operations satisfy all the field axioms.
Definition 5.4: Addition in C

Let z1, 25 € C, so that
21:x1®iy1, ZzZXZeaiyz,

for some xq, x5, y;, y» € R. We define the sum of z; and z, as
z1+ 2z = (g ®iyy) + ( ®iyy) 1= (3 + %) ©i(y1 + )

where the + symbol on the right hand side is the addition operator in R.
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Clearly, z; + z, as defined above is an element of C. Therefore + defines a binary operation over
C.

Notation 5.5
From the above definition, we have that, for all x,y € R,
(x®i0)+ (0 ®iy) = x®iy.
To simplify notation, we will write
x®i0=x, 0&iy=iy

and
x@iy=x+1iy.

We will also often swap i and y, writing equivalently

x+iy=x+yi.

We now want to define multiplication between complex numbers.
Remark 5.6: Formal calculation for multiplication in C

How to define multiplication in C? Whatever the definition may be, at least it has to give that
that

Keeping the above in mind, let us do some formal calculations: For z; = x; +iy;,25 = X + iy,
we have

z1 -z = (xp +iyp) - (2 +y2)
= xq X+ Xy - iYy + Xp - iy + Y1 PPy
=@ x—yy) il ym+x-y)

Remark 5.6 motivates the following definition of multiplication.
Definition 5.7: Multiplication in C

Let z, 25 € C, so that
Z21=x101y;, 2=x®iy,
for some x1, x5, y1, y» € R. Define the multiplication of z; and z, as
21 zp = (x1 +iyp) - (g +yp)
= (g =y y) Hilx et x2)
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where the operations + and - on the right hand side are the operations in R.

Clearly, z; - z5 as defined above is an element of C. Therefore - defines a binary operation over C.
Remark 5.8

To check that we have given a good definition of product, we should have that

as expected. Indeed:

i2=(0+1)-(0+ 1))
=(0-0-1-1)+(0-1+0-1)i=-1.

Important

In view of Remark 5.8, we see that he formal calculations in Remark 5.6 are compatible with the
definition of multiplication of complex numbers. Therefore, it is not necessary to memorize the
multiplication formula, but it suffices to carry out calculations as usual, and replace i? by —1.

Example 5.9
Question. Compute zw, where

z=-2+3i, w=1-1.
Solution. Using the definition we compute

z-w=(-2+30)-(1—-1i)
=(=2-(=3)+(2+3)i
=1+5i.

Alternatively, we can proceed formally as in Remark 5.6. We just need to recall that i? has to be
replaced with —1:

z-w=(-2+30)-(1-1i)
=2+ 2i+3i—3i°
=(-2+3)+(2+3)
=1+45i.
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We now want to check that
(C’ +, )

is a field. All the field axioms are trivial to check, except for the existence of additive and multiplica-
tive inverses.

Proposition 5.10: Additive inverse in C

The neutral element of addition in C is the number
0:=0+0i.

For any z = x + iy € C, the unique additive inverse is given by

—z:i1=-—x—1Iy.

The proof is immediate and is left as an exercise. The multiplication requires more care.
Remark 5.11: Formal calculation for multiplicative inverse

Let us first carry our some formal calculations. Let
z=x+iyeC, z=+#0.

First, note that
z-1=(x+iy)-(1+0)=x+iy=z,

and therefore 1 is the neutral element of multiplication. Thus, the inverse of z should be a
complex number z~! € C such that

We would like to define

x +iy
Such number does not belong to C, as it is not of the form a + ib for some a,b € R. However it
is what the inverse should look like. Proceeding formally:
1 1
X +iy N X +1iy
1 x —iy
x4+ iy x-— iy
x —iy

x? = (iy)?
x —iy
x2iy2 i +yy2 :

-1

The right hand side is an element of C, and looks like a good candidate for z L
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Motivated by the above remark, we define inverses in C in the following way.
Proposition 5.12: Multiplicative inverse in C
The neutral element of multiplication in C is the number
1:=1+0i.
For any z = x + iy € C, the unique multiplicative inverse is given by

_ x .=
z7li= N
21yt X2

Proof

It is immediate to check that 1 is the neutral element of multiplication in C. For the remaining
part of the statement, set
x .Y
+1 .
X2+y2  x2+y?

We need to check that z-w =1

z-w:(x+iy)-( X 4 4 )

x2+y2 x2+y2

_( x? y-(—y)) _(x-(—y) xy )
= - +i +
x2 +y2 x2 +y2 x2 +y2 x2 +y2

=1,

so indeed z71 = w.

Important

It is not necessary to memorize the formula for z™!. Indeed one can just remember the trick of
multiplying by
_x—iy

1= —
x —iy

and proceed formally, as done in Remark 5.11.

Example 5.13

Question. Let z = 3 + 2i. Compute z 1.
Solution. By the formula in Propostion 5.12 we immediately get

1 3 -2 3 2

= + i=——-—I.
32422 32422 13 13
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Alternatively, we can proceed formally as in Remark 5.11

B+2) 1=

3+ 2i

1 3-2i
3+2i3-2i
32
32422
3_2;
13 13

and obtain the same result.

We can now prove that C is a field.
Theorem 5.14

(C, +,-) is a field.

Proof

We need to check that all field axioms hold. For the addition we have
« (A1) To show that + is commutative, note that

(x+iy)+(a+ib) =(x+a)+i(y +b)
=(a+x)+ib+y)
=(a+ib) + (x +iy),

where we used Definition 2.78 in the first and last equality, and the commutative property
of the real numbers (which holds since by definition R is a field) in the second equality.
Associativity can be checked in the same way.

 (A2) The neutral element of addition is 0, as stated in Proposition 2.8o.
+ (As) Existence of additive inverses is given by Proposition 2.80.

For multiplication we have:

« (M1) Commutativity and associativity of product in C can be checked using Definition 5.7
and commutativity and associativity of sum and multiplication in R.

+ (M2) The neutral element of multiplication is 1, as stated in Propostion 5.12.
+ (M3) Existence of multiplicative inverses is guaranteed by Proposition 5.12.

Finally one should check the associative property (AM). This is left as an exercise.
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5.1.1 Division in C

Suppose we want to divide two complex numbers w, z € C, z # 0, with

z=x+1iy,

We have two options:

w=a-+ib.

1. Use the formula for the inverse from Proposition 5.12 and compute

z

-1

-y

X i
x4+ 2

x?% + y?

Then we use the multiplication formula of Definition 5.7 to compute

:(a+ib)-( +i

-y
x? + y?

X

)

x? + y?

_ (ax +by) +i(bx — ay)

x2 + y?

2. Proceed formally as in Remark 5.11, using the multiplication by 1 trick. We would have

w _ a+ib
z X +iy
_a+ib x—iy
B xX+iy x—1iy
_ (ax +by) +i(bx — ay)

Example 5.15

x? + y?

Question. Let w = 1 +iand z = 3 —i. Compute %
Solution. We compute w/z using the two options we have:

1. Using the formula for the inverse from Proposition 5.12 we compute

.Y
x2+yz+lx2+y2
3. . -1
32412 32412
3,1,
10 10

— X
z 1
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and therefore

=w-Z

=(1+10) (13—0+11—0i)

(3 1) (1 3).

=(=-=)+(=+=)i

10 10 10 10
2

4.
=—+—1
0 10

w -1
z

QU= =

+ =i

(S ]

2. We proceed formally, using the multiplication by 1 trick. We have

w 1+1
z

~ o~

3 —

1+i3+1i

3—i3+i
_3-1+(3+ 1)

32 412

2 4.
=—+—1

10 10

1,2,
=-+=i
55

5.1.2 C is not ordered

We have seen that (C, +, ) is a field. One might wonder whether C is also an ordered field. It turns
out that this is not the case.

Theorem 5.16

The field (C, +, -) is not ordered.

Proof

Suppose that C is an ordered field, that is, there exists an order relation < on C compatible with
the operations + and -. By axiom (MO) it follows that for all elements z € C, z # 0, we have that
2% > 0. But since i2 = -1 < 0, we get a contradiction.

Hence, it is not possible to compare two complex numbers.
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5.1.3 Completeness of C

One might also wonder whether C is complete. Our definition of completeness uses the notions
of supremum and infimum, which require an order relation. However, C is not ordered, as seen in
Theorem 5.16. Therefore we cannot define infimum and supremum of subsets of C, and we have to
find an alternative way to discuss completeness.

The right way to introduce completeness in C is by using the notion of Cauchy sequence. In
ordered fields, this new definition of completeness is equivalent to the definition which uses the
supremum.

5.2 Complex conjugates

When computing inverses, we used the trick to multiply by 1:

1 1 x-—iy
z it ==.1= — - — .
z xX+iy x-—iy

The complex number x —iy is obtained by changing the sign to the imaginary part of z = x +iy. We
give a name to this operation.

Definition 5.17: Complex conjugate

Let z = x +iy. We call the complex conjugate of z, denoted by Z, the complex number

zZ=x-1y.
Example 5.18
We have the following conjugates:
3+4i=3-4i, 3—-4i=3+4i,
—3+4i=-3-4i, —3—-4i=-3+4i,
3=3, 4i=—4i.

Complex conjugates have the following properties:
Theorem 5.19
For all z;, z, € C it holds:

SR m-E+E

©Z1 =22
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Proof

Let z;,z5 € C. Then
21:X1+iy1, ZZZXZ+iy2,

for some xq, 1, X3, o € R.

« Using the definition of addition in C and of conjugate,

z1 + 23 = (o +iyp) + (xp +iyz)

=(x +x) +i(n +y2)
=(+x)—in+w)
= (o —iy1) + (g — iyn)
=x1 +iy +x +iy

=7z]+72,.

« Using the definition of multiplication in C and of conjugate,

z1 -z = (31 +iyp) - (g +iyy)

= (x1x0 — y1)2) +i(x1y2 + X231)
= (%1% — y1y2) — i (x1)2 + X0)1)
= (x —iy1) - (g — i)

=212

Example 5.20
Let z; =3 — 4i and zp = —2 + 5i. Then

« Let us check that
ztzy=z1+z
Indeed, we have
Z71t+tzy=14+1i = z1+zp=1-1I.

On the other hand

Zi=3+4i, Z=-2-5 =— Z+5=1-i.

« Let us check that
Z1 2, =212
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Indeed,
7125 = (3 + 4i) - (=2 + 5i)
= (=6 + 20) + (8 + 15)i
=14 + 23i
so that
Z129 = 14 — 23i
On the other hand:

775 = (3 + 4i) - (=2 — 5i)
= (=6 +20) + (=15 — 8)i
=14 — 23i

5.3 The complex plane

We can represent a real number x as a point on the one-dimensional real line R. The distance between
two real numbers x, y € R on the real line is given by |x — y|, see Figure 5.1.

|z -y
/—/%

0 T Y

R

Figure 5.1: Two points x and y on the real line R. Their distance is |x — y|.

We would like to do something similar for the complex numbers, i.e. points
z=x+iy, x,yeR.

We represent z = x +iy in the two-dimensional plane at the point with (Cartesian) coordinates (x, y).
This two-dimensional plane in which we can represent all complex numbers is called the complex
plane. The origin of such plane, with coordinates (0, 0), corresponds to the complex number

0+0i=0,

see Figure 5.2.

5.3.1 Distance on C

The Cartesian representation allows us to introduce a distance between two complex numbers. Let

us start with the distance between a complex number z = x +iy and 0. By Pythagoras Theorem this
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Im
z=x+ 1y
o] = Va7 + 7
0 Re

Figure 5.2: A point z = x+iy € C can be represented on the complex plane by the point of coordinates
(x,y). The distance between z and 0 is given by |z| = /2% + 2.

distance is given by

Jx2 492,

see Figure 5.2. We give a name to this quantity.
Definition 5.21: Modulus

The modulus of a complex number z = x + iy is defined by

lz| 1= \|x2 + 2.

Note that the distance between z and 0 is always a non-negative number.

Remark 5.22: Modulus of Real numbers
A real number x € R can be written as
x=x+0ieC.
Hence the modulus of x is given by
x| = Jx? 102 = Jx2.

The above coincides with the absolute value of x. This explains why the notation for modulus
in C is the same as the one for absolute value in R.

We can now define the distance between two complex numbers.
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Definition 5.23: Distance in C

Given z;,zy € C, we define the distance between z; and z, as the quantity

21 — 2]

The geometric intuition of why the quantity |z; — z,| is defined as the distance between z; and z, is

given in Figure 5.3.

Im

21

Figure 5.3: The difference z; — z; of the two points z;,z, € C is given by the magenta vector. We
define |z; — z,| as the distance between z; and z,.

Theorem 5.24

Given z;,z5 € C, we have

71— 2| = \/(x1 — )% + (31 — 1)

Proof

We have

z1 — 2y = (x1 — %) +i(yy — y2)-

Therefore, by definition of modulus,

lz1 — 2| = \/(xl —x)% + (1 — 1)
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Example 5.25
Question. Compute the distance between

z=2—-4i, w=-5+1i.
Solution. The distance is

lz—wl=12-4) - (=5+0)
=17 —5i|
=72+ (-5)?
=74

5.3.2 Properties of modulus

The modulus has the following properties.
Theorem 5.26
Let z,2;,25 € C. Then

L |21 - 23] = |z |zl

2. |2" = |z|" for alln € N

3. z-Z =z

Proof

Part 1. We have

z1-zp = (x1 +iyp) - (g +1yp)
= (1% — y1y2) + iy + x1)2)

and therefore

|21 - 22| = \/(xlxz = y192)? + CGepyn + x132)?

_ |22, 22 2.2 22
—\/xlxz TNV, XY X1y

oyl =[x+ 2, Izl =\ + 52
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so that

|z1]1z2] = \lez +J’12\Ix22 +5
2.2 2.2 2.2 2.2
SN VY TR Xy
proving that |z; - z3| = |z1] |23].

Part 2. Exercise. It easily follows from Point 1 and induction.
Part 3. Let z = x + iy for some x,y € R. Then,

z-Z=(x+iy)(x—iy)

=x* = (iy)°
= x4
= |zl

The modulus in C satisfies the triangle inequality.
Theorem 5.27: Triangle inequality in C
Forall x,y,z € C,

L x4yl < x| + [yl

2. [x =z <|x—yl+ ]y -2

Proof

Part 1. Suppose that x = a+iband y = ¢ +id for a,b,c,d € R. Then,

lx+yl=@a+c)+ib+d)| =~J@a+c)?+b+d)>.

Therefore the inequality
e+ yl < x| + [yl (5:2)

is equivalent to

\/(a+c)2—i-(b+d)2 S\/a2+b2+\/cz+d2. (5.3)

Now note that, for A, B € R, we have that

A*<B* = |A<I|B. (5.4)
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In the two reverse implications «= below we will use (5.4):

J@+0)? + (b +dy <Ja? + b + 2 + a2

= (a+c)?+(b+d)? < (\/az + 0%+ +alz)2

= a® +2ac+c? +b* + 2bd + d* < a® + b? + 24a® + b2 c? + d% + 2 + d?
< ac +bd <~a? +b*c? + d?

— (ac+bd)* < (a2 + bz) (c2 + dz)

— a?c? + 2abcd + b?d® < a’c? + a’d? + bc? + b*d?

= a?d? + b*c? — 2abed > 0

— (ad —bc)®> > 0.

This last statement is clearly true, since ad — bc € R. Therefore (5.3) holds, and so (5.2) follows.
Part 2. Using (5.2) we estimate

x—zl=Ix—y+y-z <lx—yl+ly—z

Remark 5.28: Geometric interpretation of triangle inequality
We finally have a justification of why the inequality
e =zl < fx =yl +y 2

is called triangle inequality: By drawing three points x, y,z € C in the complex plane, the
distance between x and z is shorter than the distance to go from x to z via the point y, see
Figure 5.4.

5.4 Polar coordinates

We have seen that we can identify a complex number z = x + iy by a point in the complex plane
with Cartesian coordinates (x, y). We can also specify the point (x, y) by using the so-called polar
coordinates (p, ), where

« pis the distance between z and the origin

p=la = \x* +y?

«+ 0 is the angle between the line connecting the origin and z and the positive real axis, see
Figure 5.5.
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Figure 5.4: Let x, y, z € C. The distance between x and z is shorter than the distance to go from x to
z via the point y.

Im

p=|z|

Re

Figure 5.5: Polar coordinates (p, 0) for the complex number z € C.
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We give such angle a name.
Definition 5.29: Argument

Let z € C. The angle 0 between the line connecting the origin and z and the positive real axis
is called the argument of z, and is denoted by

0 :=arg(z).

Warning

We always use angles in radians, not degrees. Make sure your calculator is set to radians if you
want to use it to compute angles.

Remark 5.30: Principal Value

The argument of a complex number is not uniquely defined. We can always add an integer
number of times 27 to the argument to specify the same point. We usually use the convention to
choose the argument in the interval (-, 7]. This is called the principal value of the argument
function. Therefore the complex numbers in the upper half plane have a positive argument, and
the ones in the lower half plane have a negative argument.

Example 5.31

We have the following arguments:

arg(1) =0 arg(i) = %

arg(—1) == arg(—i) = -z

ar (1+i)=l7r ar, (—1—i):—§n’
g 4 & 4

We can represent any non-zero complex number in polar coordinates.
Theorem 5.32: Polar coordinates
Let z € C with z = x + iy and z # 0. Then

x = pcos(d), y=psin(0),

p ;:M:W, 0 :=arg(z).

The proof of Theorem 2.95 is trivial, and is based on basic trigonometry and definition of arg(z).

where

J
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Complex numbers in polar form can be useful. We give a name to such polar form.

Definition 5.33: Trigonometric form

Let z € C. The trigonometric form of z is
z = |z|[cos(0) + isin(0)] ,

where 0 = arg(2).

Example 5.34
Question. Suppose that z € C has polar coordinates
p= J8, 6= in.
4
Therefore, the trigonometric form of z is

= 5fos(3e) i3]

Write z in cartesian form.
Solution. We have

x = pcos(f) = \@cos( ) f£:—2

S

y= psm(@)—x/gsm( ) V8- == =
Therefore, the cartesian form of z is

z=x+iy=-2+2i.

As a consequence of Theorem 2.95 we obtain a formula for computing the argument.
Corollary 5.35: Computing arg(z)
Let z € C with z = x + iy and z # 0. Then

arctan(z) ifx>0

x

arctan(Z +nx  ifx<Oandy>0
X

- ifx<Oand y<O0

=
~——

arg(z) = arctan(z
% ifx=0and y>0
—% ifx=0and y <0
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where arctan is the inverse of tan.

Proof

Using the polar coordinates formulas from Theorem 2.95, we get

y _ psin(®)

x  pcos(d)

an(0).

The thesis can be obtained by carefully inverting the tangent: With reference to Figure 5.6 and
Figure 5.7, we have:

1.

4.

5.

When x > 0: Then z = x + iy belongs to the 1st or 4th quadrant. Therefore the argument
of zis 0 € (—x /2, /2). Such interval coincides with the domain of tan, and therefore

0= arctan(z) .
x

. When x < 0 and y > 0: Then z = x + iy lies in the 2nd quadrant. Thus, the argument of

zis 0 € (x/2, ). Hence
0= arctan<z> + .
x

. When x < 0 and y < 0: Then z = x + iy lies in the 3rd quadrant. Thus, the argument of z

is 0 € (—m, /2). Hence
6 = actan (3
=arctan|=)—o.
x

When x = 0 and y > 0: Then z = iy is imaginary with y > 0, meaning that 0 = /2.

When x = 0 and y < 0: Then z = iy is imaginary with y < 0, meaning that 0 = —r /2.

This exhausts all the cases, and the proof is concluded.

Example 5.36

Question. Compute the arguments of the complex numbers

z=3+4, z=3-4, -z=-3+4, -z=-3-4.
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T I
X<o
92° Xso0
9’=arr.‘:nw.(’)+7|' 9‘=qrc€au.{1x)

>

> X

>
hui X

X<o

Y<o Xso0

6 = arc tan (lx)_ T 6 = arc tan [%)

Figure 5.6: The definition of arg(z) depends on the position of z in the complex plane.

EZ

B

Figure 5.7: Plot of the tangent function for 6 between —3?” and 37”
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Solution. Using the formula for arg in Corollary 2.98 we have

arg(3 + 4i) = arctan (%)

arg(3 — 4i) = arctan ( g) —arctan (:)
. 4 4
arg(—?) + 41) = arctan( g) = —arctan (g) s
arg(—3 — 4i) = arctan (%) T

5.5 Exponential form

We have seen that we can represent complex numbers in

« Cartesian form
« Trigonometric form

We now introduce a third way of representing complex numbers: the exponential form. For this, we
need Euler’s identity:

Theorem 5.37: Euler’s identity

For all 6 € R it holds '
é? = cos(0) + i sin(6).

Proof

The proof of this theorem uses complex power series. We have not yet introduced series. How-
ever, we carry out the proof formally, assuming that all the quantities below converge. We have
the following Taylor series at x; = 0 (you might know them from calculus):

2 x3 x4 x5 x6 x7

I
20 31 4 51 e 7

o x0T

. x
sinx) == -=—+>=-=—+
3t 5 7
2 4 6
cos(x)=1-—+ X 4
20 4! 6!

The above identities also hold for x € C. Hence we can substitute x = if in the series for e* to
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obtain
) -92 ~03 -04 ~65 ~96 ~97
g, WP G @ @ @° @
2! 3! 4! 5! 6! 7!
2 0 0t 6 0 0
=14i0-—=—-i—+—+i————i—+..
20 30 4 50 6 T
= cos(0) + isin(0),
where in the second equality we used that i = —1, and where the third equality follows by

observing that all terms with an even power of 8 are exactly the terms in the expansion of
cos(#), and all terms with an odd power of 8 are exactly the terms in the expansion of sin(6)
multiplied by i.

Theorem 5.38

For all 6 € R it holds .
‘e’e‘ =1.

Proof

From Euler’s identity in Theorem 2.100 we get
‘eie‘ = | cos(f) +isin(f)| = \/cos?(6) + sin?(0) = 1.

Theorem 5.39

Let z € C with z = x + iy and z # 0. Then

z = pé
where
p =zl = x% + 92, 0 :=arg(z).
Proof

By Theorem 2.95 we have
x=pcos(@), y=psin@).
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Hence

z=x+1iy
= pcos(0) + ip sin(f)
— et

where in the last line we used Euler’s identity in Theorem 2.100.

Definition 5.40: Exponential form

The exponential form of a complex number z € C is

z = pez‘e — |z| eiarg(z) )

Example 5.41

Question. Write the number
z=-2+2i

in exponential form.
Solution. From Example 5.34 we know that z = —2 + 2i can be written in trigonometric form

as
z=+/8 [cos (En) +isin (Lr)] .

4 4

By Euler’s identity we hence obtain the exponential form

.3
z=+/8¢4".

Remark 5.42: Periodicity of exponential

For all k € Z we have

ei@ — ei(9+27rk) . (5.5)

meaning that the complex exponential is 277-periodic. As we did for the principal value of the
argument, we select 0 in (5.5) so that 6 € (-, x].

Proof

Equation (5.5) follows immediately by Euler’s identity and periodicity of cos and sin, since
el0+2mk) — cos(0 + 2k) + i sin(6 + 27k)
= cos(6) + isin() = €.
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The exponential form is very useful for computing products and powers of complex numbers.
Proposition 5.43
Let z, z1, zo € C and suppose that

z= peie, Z1 = pleie1 , 2y = pzeie2 .

We have

n ,in

O+0) | gn = pngind

21 %22 = p1p2e

foralln € N.

J

The proof follows immediately by the properties of the exponential. Let us see some applications of
Propostion 5.43.

Example 5.44

Question. Compute (=2 + 2i)*.
Solution. We have two possibilities:

1. Use the binomial theorem:
(—2+2)* = (-2)* + ( ‘11 )(—2)3 20+ ( ;1 )(—2)2 - (2i)?

4
+( 3 )(—2)-(21')3 + (20)*
=16—4-8-2i—6-4-4+4-2-8i+16
=16 — 64i — 96 + 64i + 16 = —64.

2. A much simpler calculation is possible by using the exponential form: We know that
i3
—2+2i =+/8e'4
by Example 5.41. Hence
.3 4 .
(-2 +2)* = (\/Ee’z”) = 826537 = 64,

where we used that

3T = ¢ = cos(r) +isin(r) = —1

by 2z periodicity of ¢? and Euler’s identity.
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Definition 5.45: Complex exponential

The complex exponential of z = a +ib € C is defined as

of = eaezb.

The complex exponential behaves exactly as exponentials should.
Theorem 5.46

Let z,w € C. Then

eZ+W — eZeW , (eZ)W — eZW . (56)
We still do not have the technical means to prove this Theorem. The idea is to express e as
X _n
z
z_ 2
=) (57)
k=0

where the convergence is intendend in the sense of complex series. The properties at (5.6) then

follow from manipulating the series on the RHS of (5.7).

Example 5.47

Question. Compute #'.
Solution. We know that

. N_ T
=1, argi)==.
2
Hence we can write i in exponential form
. . T
i = |ileae® = ¢

Therefore

5.6 Fundamental Theorem of Algebra

We started the introduction to complex numbers with the following question:
Question 5.48

Is there a number x € R such that

(5.8)
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The answer is no. For this reason we introduced the complex number i, which satisfies
i?=-1.
Therefore (5.8) has solution in C, with x = i. Moreover, note that
(-i)? = (-1)%% = -1.
Hence (5.8) has two solutions in C, given by

X =1, Xp=-—I.

It turns out that the set C is so large, that not only we are able to solve (5.8), but in fact any polynomial
equation.

Theorem 5.49: Fundamental theorem of algebra
Let p,(z) be a polynomial of degree n with complex coefficients, i.e.,
Pa(2) = a2 + ap_1 27 + .+ ayz +ag,

for some coefficients ay,, ..., ay € C with a, # 0. There exist

Z1,.,2, €C
solutions to the polynomial equation
() =a, 2" +a,_ 12"+ . +az+ay=0. (5.9)
In particular, p, factorizes as
@) =a(z-21)(z =) (z-2) . (5.10)

Theorem 2.111 says that equation (5.9) admits n complex solutions:

« We call these solutions zeros, or also roots.
+ We call the expression (5.10) a factorization of the polynomial p,,.

Several proofs of Theorem 2.111 exist in the literature, but they all use mathematical tools which are
out of reach for now. Therefore we will not show a proof. For example one can prove Theorem 2.111

by

« Liouville’s theorem (complex analysis)
« Homotopy arguments (general topology)
» Fundamental Theorem of Galois Theory (algebra)
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Example 5.50
Question. Find all the complex solutions to

22 =-1 (5.11)

Solution. The equation z? = —1 is equivalent to

p(2)=0, pz):=22+1.

Since p has degree n = 2, the Fundamental Theorem of Algebra tells us that there are two
solutions to (5.11). We have already seen that these two solutions are z = i and z = —i. Then p
factorizes as

p(z)=22+1=(z—i)z+i).

Example 5.51
Question. Find all the complex solutions to
zt—1=0. (5.12)
Solution The associated polynomial equation is
p(2)=0, pz):=z-1.

Since p has degree n = 4, the Fundamental Theorem of Algebra tells us that there are 4 solutions
to (5.12). Let us find such solutions. We use the well known identity

- =(@+ba-b), VabeR,

to factorize p. We get:
p(2)=(z*-1) =+ 1) -1).

We know that

has solutions z = +i. Instead

has solutions x = +1. Hence, the four solutions of (5.12) are given by
z=1,-1,i,—1i,

and p factorizes as

p(z) = t-1= (z=D(E+1D(z-i)(z+1i).
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Definition 5.52: Multiplicity
Suppose that the polynomial p, factorizes as

Pn(2) = an(z — 2)"1(z = 2)% - (z = 2)'n

witha, #0, z1,...,z, € Cand ky, ..., k,, € N, k; > 1. In this case p, has degree

m
n=k1+...+km=Zki.
i=1

Note that z; is solves the equation
pn(2) =0
exactly k; times. We call k; the multiplicity of the solution z;.

Example 5.53

The equation
(z-1D(z—2)2*(z+i)*=0

has 6 solutions:
« z = 1 with multiplicity 1

« z = 2 with multiplicity 2
 z = —i with multiplicity 3

5.7 Solving polynomial equations

The non-factorized version of the polynomial
p(2) = (z = D(z - 2)*(z +1)° (513)
from Example 5.53 is

p(z) =2° — (5 - 3)2° + (5 — 15i)z*

5.14
+ (11 + 230)z% — (24 + 7D)2% + (12 — 8i)z + 4i (534)

Question: How do we figure out the factorization at (5.13) if we are given p in the form at (5.13)?
More in general, consider the following question:
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Question 5.54
The Fundamental Theorem of Algebra states that

Pn(2) =0 (5.15)

has n complex solutions. How do we find such solutions in practice?

J

Answer: There is no general formula to solve (5.15) when n > 5. This is the content of the Abel-
Ruffini Theorem.

Theorem 5.55: Abel-Ruffini
There is no elementary solution formula to the polynomial equation
pﬂ(z) = O 3

with p, polynomial of degree n, with n > 5.

J

Similarly to the Fundamental Theorem of Algebra, the proof of the Abel-Ruffini Theorem is out of
reach for now. A proof can be carried out, for example, using Galois Theory.

There are however explicit formulas for solving (5.15) when p, has degree n = 2,3, 4.

5.7.1 Quadratic polynomials

Consider polynomial equations of order n = 2, that is, equations of the form
az’ +bz+c¢=0. (5.16)

When the coefficients a, b, c are real, the solutions are given by the well-known quadratic formula.
Proposition 5.56: Quadratic formula

Let a,b,c € R,a # 0 and consider the equation at (5.16). Define
A :=b*—4ac €R.
The following hold:
1. If A > 0 then (5.16) has two distinct real solutions z;, z5 € R given by

_h=VA b+ VA
20 = 2a
2. If A = 0 then (5.16) has one real solution z € R with multiplicity 2. Such solution is given
by

21

Z=21 =22 =

E .
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3. If A < 0 then (5.16) has two distinct complex solutions z;, z, € C given by

_ —b—i=A _ —b+iV=A

z
1 2a 2a

22
where v—A € R, since —A > 0.
In all cases, the polynomial at (5.16) factorizes as

az +bz+c=alz—z)(z—z).

Example 5.57

Question. Solve the following equations:

1. 322-6z+2=0
2. 4z2 —8z+4=0
3. 2242z24+43=0

Solution.

1. We have that
A=(-6)2—-4-3.2=12>0

Therefore the equation has two distinct real solutions, given by

z_—(—6):i:\/ﬁ_6:|:\/ﬁ_liﬁ
2-3 6 3

In particular we have the factorization

3z2—6z+2:3<z—1—§)<z—1+§).

2. We have that
A=(-8)P—-4-4-4=0.

Therefore there exists one solution with multiplicity 2. This is given by

z=—_(_8)=1.
2-4

In particular we have the factorization

422 —8x + 4 = 4(z — 1)%.
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3. We have
A=22-4.1-3=-8<0.

Therefore there are two complex solutions given by

22_22;1\/52—111\@.

In particular we have the factorization

22 +2243=(z+1-iV2)(z+1+iV2).

So far we have considered the polynomial equation
az +bz+c=0, (5.17)
fora,b,c € Rand a # 0.
Question 5.58

What if a,b,c € C?

If a,b, c € C then we might have
A:=b®*—4daceC.

Therefore it is not clear how to compute

VA.
However, we can still use the quadratic equation to solve (5.17), as outlined in the next Proposition.
Proposition 5.59: Quadratic formula with complex coefficients
Leta,b,c € C,a # 0. The two solutions to
az’ +bz+c=0
are given by
_ b+ 5

2a
where S; and S, are the two solutions to

b+ S
T 2a

zZ1 5 Z9

5

Z2=A, A:=b*—4dac.
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Remark 5.60

We want to check that the new formulas

b+ S —b+S, 9 w2
zZ] = , 2y = , Si=8=A,
1 % 2 2a 1=22

agree with the old formulas given in Proposition 2.116, when a, b, ¢ € R.
To this end, note that

A€eR,
when a,b, ¢ € R. In this case the equation
22 =A
has the following solutions:
« If A > 0 there are two real solutions
S;=—JA, S, =+A.

« If A = 0 then 0 is the only solution with multiplicity 2. Hence
S1=8,=0.
« If A <0, there are two complex solutions
S =—iV-A, S, =iV-A.

Therefore the solutions
-b+S; -b+S,
zZ1 = 5 Zy = 5
2a 2a

given in Proposition 2.116 coincide with the ones given in Proposition 2.118.

Example 5.61
Question Find all the solutions to

%22 —(B+i)z+(4-0i)=0. (5.18)
Solution. We have

A=(—(3+i))2—4-%-(4—i)

=8+6i—8+2i
=8i.
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Therefore A € C. We have to find solutions S; and S, to the equation
z2 =N\ =8i. (5.19)
We look for solutions of the form z = a + ib. Then we must have that
2% = (a +ib)? = a® — b® + 2abi = 8i.

Thus
a - =0, 2ab=38.

From the first equation we conclude that |a| = |b|. From the second equation we have that ab = 4,
and therefore a and b must have the same sign. Hence a = b, and

2ab=8 = a=b=4%2.
From this we conclude that the solutions to (5.19) are
S =2+2, S,=-2-2i.

Hence the solutions to (5.18) are

34i+S
212—11:3+i+51
2'5
=34+i+2+2i=5+3i,
and
34+i+S
22:—12:3+i+52
2.1

2
=3+i—-2-2i=1-i.

In particular, the given polynomial factorizes as

%zz Bzt d—i)= %(z —2)(z - 2)

:%(2—5—31')(2—1—1—1’).

J

In the above example it was a bit laborious to compute S; and S,. In Section 5.8 and Section 5.9, we

will explore a more general method to solve problems of the form

Z"=A.
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5.7.2 Higher order polynomials

Consider now polynomial equations
pn(z) = 0 >

with p, of degree n = 3,4. Although general solution formulas exist for these cases, they are exceed-
ingly lengthy, making them impractical for manual calculations. For example, Figure 5.8 shows the
solution formula to the quartic equation

2 +a +bt+cz+d=0,

when a,b,c,d € R.

Figure 5.8: Quartic formula to solve z* + az® + bz% + ¢z + d = 0. Image from Wikipedia.

A more productive use of time is learning how to perform long polynomial division. A quick tutorial
is available here: Polynomial_division.pdf.

Example 5.62

Question. Divide 6z° + 522 — 7 by 3z2% — 2z — 1.
Solution. Using polynomial division, see Figure 5.9, we obtain

623 +522 —7= (32> -2z - 1)(2z+3) + (82 — 4).

2243

3z2—22—1) 623 + 522 -7
— 623 +42%2 4+ 22

922 +22 -7

— 922 +62+3

82 —4

Figure 5.9: Example of polynomial long division between 6z° + 5z° — 7 and 322 — 2z — 1.

Sometimes, it is possible to solve equations of degree higher than 2, in case it is obvious from inspec-
tion that a certain number is a solution, e.g., when z = —1,0, 1 is a solution.

Example 5.63
Question. Consider the equation
22 -7 +62=0.

1. Check whether z = 0, 1, —1 are solutions.
2. Using your answer from Point 1, and polynomial division, find all the solutions.
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Solution.
1. By direct inspection we see that z = 0 and z = 1 are solutions.
2. Since z = 0 is a solution, we can factorize
23—722+6222(zz—7z+6) .

We could now use the quadratic formula on the term z? — 7z + 6 to find the remaining
two roots. However, we have already observed that z = 1 is a solution. Therefore z — 1
divides z2 — 7z + 6. Using polynomial long division, see Figure 5.10, we find that

22 —7z2+6 _
z—1

z—06.
Therefore the last solution is z = 6, and

2 —722+6z=2(z—1)(z—6).

Figure 5.10: Polynomial long division between z2 — 7z + 6 and z — 1.

Example 5.64

Question. Find all the complex solutions to
2 —7z2+6=0.

Solution. It is easy to see z = 1 is a solution. This means that z — 1 divides z> — 7z + 6. By
using polynomial long division, see Figure 5.11, we compute that
3_
Z-7z2+6 _ 24+7-6.
z—1
We are now left to solve
Z2+z-6=0.
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Using the quadratic formula, we see that the above is solved by z = 2 and z = —3. Therefore
the given polynomial factorizes as

2B-Tz246=(z-1D(z-2)(z+3).

22 +2—6
2—1) 28 —72+6
— 234 22

22 — Tz
—22 4z

—62z+6

6z —6

0

Figure 5.11: Polynomial long division between z> — 7z + 6 and z — 1.

Example 5.65

Question. Consider the equation
2 +522+G-z+(@4—4)=0.

1. Check whether z = +i and z = 0, +£1 are solutions.
2. By using polynomial division with complex coefficients, find all the solutions.

Solution.
1. By direct inspection, we see that z = i is a solution.

2. Since z = i is a solution, we know that z — i divides z3 + 522 + (5 — i)z + (4 — 4i). We
now perform polynomial division by using the same method employed to divide polyno-
mials with real coefficients: We just need to be mindful of the fact that coefficients are
now complex, and thus, addition and multiplication have to be carried out in C. Using
polynomial long division, see Figure 5.12, we compute that

B4+52+G-Dz+@—4)=(z—-)Z+G+iz+ @ —4)).
We are now left to solve the second order equation
Z2+G+i)z+(4—4i)=0.
We compute that
A =b%—4dac=(5+1)%—4(4 — 4i) = 4(5 + 4i).
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We now need to solve
Z2=A.

We look for a solution in the form of z = a + ib.
2% = (a +ib)? = a® — b* + 2abi = 8i.

Thus
a*—b*=0, 2ab=38.

From the first equation we conclude that |a| = |b|. From the second equation we have that
ab = 4, and therefore a and b must have the same sign. Hence a = b, and

2ab=8 = a=b=42.
From this we conclude that the solutions to (5.19) are
S =2+2, S,=-2-2i.
Hence the solutions to (5.18) are

340+
7="——1=3+i+5
2.2
2

=34+i+24+2i=5+3i,
and
34045,

Zy =
5 1
2

=3+i+52

=3+i—-2-2i=1-1i.
In particular, the given polynomial factorizes as

%zz B4zt (d—i)= %(z —2)(z-2)

:%(2—5—31-)(2—1”).
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2% (502 4 (4+440)

[
|
c

2% 4524 (5-0)2 +(3-40)
EZ —12?
7 (6x)2? £6-0% + @-40)
(B+i)a* - (540t
g (@+a)r +(4-41)
(@ra)b-1G+ai)
V4 7

Figure 5.12: Polynomial long division between z° + 5z% + (5 — i)z + (4 — 4i) and z — i.
5.8 Roots of unity

Problem
Let n € IN. We want to find all complex solutions to

Z'=1. (5.20)

Note that z = 1 is always a solution to (5.20) if n is even. In such case also z = —1 is a solution. If
we were only looking for solutions in R, these two would be the only solutions.

However, the Fundamental Theorem of Algebra, see Theorem 2.111, tells us that there are n complex
solutions to (5.20).

Question 5.66

Is there a way to find all n solutions?

Example 5.67

We have seen in Example 5.51 that the solutions to
zt=1

are
z=-1,1,i,—i.

However, we could only compute these solutions thanks to the clever factorization
1=+ D -1D=C+)z-DEz+1(z-1).
It is not clear if and how this trick can be generalized to solve

Z"=1
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for arbitrary n € IN.

The trick to find all n solutions to (5.20) is to use the exponential form.
Theorem 5.68

Let n € N and consider the equation
Z'=1. (5.21)

All the n solutions to (5.21) are given by

2k

zk:exp<i—>, k=0,....n—1,
n

where exp(x) denotes e*.

Proof
Rewrite 1 in exponential form:
1= |1|eiarg(1) =2k kez.

Therefore (5.21) is equivalent to
N = eiZ;rk'

By the properties of the exponential, we see that the above is solved by

zk:exp<i%>, keZ.
n

By choosing k = 0, ...,n — 1 we obtain n different solutions.

Definition 5.69
The n solutions to
Z"=1
are called the roots of unity.
Example 5.70
Question. Find all the solutions to
4
z:=1
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Solution. The 4 solutions are given by

Z = ex (i%>:ex <zn—k)
k p 4 p 2 )

for k =0, 1, 2,3. We compute:

zp=¢%=1, z1=¢€2 =1,
. JELS
zp =€ =-1, z3=€2 =—i.
Note that for k = 4 we would again get the solution z = €/?* = 1.

Example 5.71

Question. Find all the solutions to

for k = 0, 1, 2. We compute:

We can write z; and z, in cartesian form:
2% 2 .. (2 1 3.
z1=¢3 = cos(%) +lsm(?ﬂ) =—=+4+—i

and
4 (47r> .. (47:) 1 43,
Zy =€ 3 =cos{— )+ism|—)=————I.
3 3 2 2

5.9 Roots in C

Let n € N and ¢ € C. We want to give a meaning to
Ye.

This means, we want to find all complex solutions to
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The Fundamental Theorem of Algebra ensures that the above equation has n complex solutions. To
find these solutions, we pass to the exponential form.

Theorem 5.72
Let n € N, ¢ € C and consider the equation
Z'=c. (5.22)

All the n solutions to (5.22) are given by
2 = Q/H exp (i 0+ 27rk>
n

where {/|c| is the n-th root of the real number |c|, and 6 = arg(c).

.
Il
=
S
|
—_

Proof
Write ¢ in exponential form:
c= |c|ei6 — |C|ei(0+27rk) . keZ,
where 0 = arg(c). Therefore (5.22) is equivalent to
i(6+27k) )

Z" = |cle

By the properties of the exponential, we see that the above is solved by

zsz/Hexp<i9+2ﬂk), keZ.
n

By choosing k = 0,...,n — 1 we obtain n different solutions.

Warning: The n-th root function is multi-valued

The above result and the Fundamental Theorem of Algebra tell us that

are n solutions to

This means that the complex number ¢ has multiple n-th roots, exaclty n. In particular, the n-th
root function in C is multi-valued:

{I/E = {Zo, ...,Zn_l}.
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Example 5.73

Question. Find all the z € C such that

Solution. Let ¢ = —32. We have
| =|—-32|=32=2,
The 5 solutions are given by
1
z = (25)5 exp (iﬂ'

fork =0,1,2,3,4. We get

iz

z) = 2e5

zy = 2¢" = -2
iz

zy = 2e 5

z° = -32.

1+

0 =arg(-32)=r.

Zk), keZ,

i3z
z1=2e 5
Tm

i—
z3 =2e 5

Example 5.74

Question. Find all the z € C such that

Solution. Set

o esfez) ()
ccoofes(2) 1n(2).

The complex number c is already in the trigonometric form, so that we can immediately obtain

lel=9, 0=arg(c)= %
The 4 solutions are given by
ZE = Yo exp (i —”/3 : Zﬂk)
=+3exp (iﬂ,’ 1+ 6k)
for k = 0,1, 2,3. We compute
2 = V3¢ 2y = 3"
zy = \/geilrg z3 = V3" &
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6 Sequencesin R

A sequence is an infinite list of real numbers. For example, the following are sequences:

Remark 6.1
«+ The order of elements in a sequence matters.

For example
(1,2,3,4,5,6,...) # (2,1,4,3,6,5,...)

« A sequence is not a set.

For example
{-1,1,-1,1,-1,1,..} = {~1,1}

but we cannot make a similar statement for the sequence

(-1,1,-1,1,-1,1,...).

« The above notation is ambiguous.

For example the sequence
(1,2,3,4,..)

can continue as

(1,2,3,4,1,2,3,4,1,2,3,4,...).

« In the sequence

the elements get smaller and smaller, and closer and closer to 0. We say that this sequence
converges to 0, or has 0 as a limit.

We would like to make the notions of sequence and convergence more precise.
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6.1 Definition of sequence

We start with the definition of sequence of Real numbers.
Definition 6.2: Sequence of Real numbers

A sequence a in R is a function
a: N—->R.

For n € N, we denote the n-th element of the sequence a by
a, = a(n)

and write the sequence as
(an)nen -

Notation 6.3

We will sometimes omit the subscript n € IN and simply write

(@) -
In certain situations, we will also write
o0
(an)nzl .
Example 6.4
« In general (a,),¢ is the sequence
((,11, ap, ds, ) .

« Consider the function
a: N>IN, ne— 2n.

This is also a sequence of real numbers. It can be written as
(2n)pen
and it represents the sequence of even numbers
(2,4,6,8,10,...).
o Let
a, = (=1)"

Then (a,) is the sequence
(-1,1,-1,1,-1,1,...).
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1 .
. (n)neN is the sequence

6.2 Convergent sequences

We have notice that the sequence (%)ne]N gets close to 0 as n gets large. We would like to say that
ay, converges to 0 as n tends to infinity.

To make this precise, we first have to say what it means for two numbers to be close. For this we use
the notion of absolute value, and say that:

« x and y are close if [x — y| is small.
o |x — y| is called the distance between x and y
« For x to be close to 0, we need that |x — 0| = |x| is small.

Saying that |x| is small is not very precise. Let us now give the formal definition of convergent
sequence.

Definition 6.5: Convergent sequence

The real sequence (a,) converges to a, or equivalently has limit a, denoted by

lim g, = a,
n—oo

if for all ¢ € R, € > 0, there exists N € N such that for all n € IN,n > N it holds that
la, —al <e.
Using quantifiers, we can write this as
Ve>0,AINeN st. Yvn>N, |a, —a| <e.

The sequence (ay),¢n is convergent if it admits limit.

Notation 6.6

We will often write
a, > a

in place of

lim g, =a.
n—oo
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Remark 6.7

« Informally, Definition 2.129 says that, no matter how small we choose ¢ (as long as it is
strictly positive), we always have that g, has a distance to a of less than or equal to ¢ from
a certain point onwards (i.e., from N onward). The sequence (a,) may fluctuate wildly in
the beginning, but from N onward it should stay within a distance of ¢ of a.

« In general N depends on ¢. If ¢ is chosen smaller, we might have to take N larger: this
means we need to wait longer before the sequence stays within a distance ¢ from a.

We now prove that the sequence

1
ap = =
n
converges to 0, according to Definition 2.129.
Theorem 6.8
The sequence (l) converges to 0 , i.e.
n/neN B
.1
lim — =0.
n—oo n

We give two proofs of the above theorem:

« Long proof, with all the details.
« Short proof, with less details, but still acceptable.

Proof: Proof of Theorem 6.8 (Long version)

We have to show that

lim 1 =0,

n—oon

which by definition is equivalent to showing that

Ve>0,INe€N st. vn> N,

1 —0‘ <e. (6.1)
n

Let ¢ € R with £ > 0. Choose N € IN such that

N>L
£

Such natural number N exists thanks to the Archimedean property. The above implies

1
— <€, 6.2
~ (62)
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Let n € N with n > N. By (6.2) we have

From this we deduce

Since n € N,n > N was arbitrary, we have proven that
1
’——0’<€, vn>N. (6.3)
n
Condition (6.3) holds for all £ > 0, for the choice of N € N such that
N>
£

We have hence shown (6.1), and the proof is concluded.

As the above proof is quite long and includes lots of details, it is acceptable to shorten it. For exam-

ple:

« We skip some intermediate steps.
« We do not mention the Archimedean property.
« We leave out the conclusion when it is obvious that the statement has been proven.

Proof: Proof of Theorem 6.8 (Short version)

We have to show that

Ve>0,INe€N st. vn> N, 1—0‘<E.
n
Let £ > 0. Choose N € N such that .
N>-=-
£
Letn > N. Then .
’— - O‘ = e < 1 <&
n n~ N
In Theorem 6.8 we showed that )
lim = =0.
n—oo n
We can generalise this statement to prove that
. 1
dim -5 =0
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for any p > 0 fixed.

Theorem 6.9
1 .
For all p > 0, the sequence (n—p)neN converges to 0 , i.e.,
1
lim — =0
nseo nP

Proof

Let p > 0. We have to show that

Ve>0,IN €N st. vh> N, LP—O‘<£.
n
Let £ > 0. Choose N € N such that .
N>—. 6.
T (6.4)

11
npP NP
By (6.4) we deduce
1
m <e¢
Then . ) .
— 0= = < —
o= < wr <
Question 6.10
Why did we choose N € IN such that
N>
cP
in the above proof?

The answer is: because it works. Finding a number N that makes the proof work requires some
rough work: Specifically, such rough work consists in finding N € N such that the inequality

lay —al < e

is satisfied.
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Important

Any rough work required to prove convergence must be shown before the formal proof (in
assignments).

Example 6.11

Question. Using the definition of convergence, prove that

1

lim ==,
n—c 2n + 3 2

Solution.

1. Rough Work: Let ¢ > 0. We want to find N € N such that

‘ n —l‘<£, vn>N.
2Zn+3 2
To this end, we compute:
Pt el e s
2n+3 21 l4n+6l 4n+6’
Therefore
‘ n 1 3
—l<e = <e¢
2n+3 2 4n+6
3 6
= n>-—--.
4 4

Looking at the above equivalences, it is clear that N € IN has to be chosen so that

N>

I
o

(6.5)

£l

2. Formal Proof: We have to show that

n 1
——|<e.
2n+3 2

Ve>0,INeN st vn>N,

Lete > 0. Choose N € IN such that (6.5) holds. By the rough work shown above, inequality

(6.5) is equivalent to
3

4N +6

<e.

Letn > N. Then

’ n _1‘_ 3 3
m+3 2l 4n+6 " AN +6

where in the third line we used that n > N.

<E€,
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We conclude by showing that constant sequences always converge.
Theorem 6.12
Let ¢ € R and define the constant sequence

a, :=c, VnelN.

We have that
lim a, =c.
n—oo
Proof
We have to prove that
Ve>0,INeN st. Vvn> N, |a, —c| <e¢. (6.6)

Let ¢ > 0. We have
la, —cl=lc—c|=0<e, VnelN.

Therefore we can choose N = 1 and (6.6) is satisfied.

6.3 Divergent sequences

The opposite of convergent sequences are divergent sequences.
Definition 6.13: Divergent sequence

We say that a sequence (a,),¢n in R is divergent if it is not convergent.

Remark 6.14

Proving that a sequence (a,,) is divergent is more complicated than showing it is convergent:
To show that (a,) is divergent, we need to show that (a,) cannot converge to a for any a € R.
In other words, we have to show that there does not exist an a € R such that

lim a, =a.
n—oo

Using quantifiers, this means
Aa€R st. Ve>0,INeN st. Yvn>N, |g,—a| <e.
The above is equivalent to showing that

Va€eR,3e>0st. YNeN,3In>N st. |a,—a|>e¢.
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Theorem 6.15

Let (a,) be the sequence defined by
a, = (—1)*.

Then (a,) does not converge.

Proof
To prove that (a,) does not converge, we have to show that

VaeR,3e>0st. VNeN,In>N sit. |a,—a|>¢.

Let a € R. Choose 1

e==.
2
Let N € N. We distinguish two cases:

e a>0: Choosen =2N + 1. Note that n > N. Then

la, —al = lagn41 —al
_ |(_1)2N+1 _ a|
=|-1-d
=1+a
>1
1

>—-=¢,
2

where we used that a > 0, and therefore
|-1—al=14+a>1.
e a < 0: Choose n = 2N. Note that n > N. Then

lan — al = layn — al

= |(-D* 4
=|1—g4
=1-a
>1

1
> ==,

2

where we used that a < 0, and therefore
1—al=1—-a>1.
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We propose an alternative proof by contradiction.
Proof: Alternative proof to Theorem 6.15

Suppose by contradiction that a, — a for some a € R. Let

If we take n = 2N, thenn > N and
1
lagy —al =[1-al < =.
2
If we taken = 2N + 1, thenn > N and
1
|a2N+1—a|:|—1—a|<E.
Therefore

2=|1-a)—-(-1-a)
<ll-a+|-1-4g

11
<-+-=1,
2 2

which is a contradiction. Hence (a,,) is divergent.

6.4 Uniqueness of limit

In Definition 2.129 of convergence, we used the notation

lim a, = a.
n—oo

The above notation makes sense only if the limit is unique, that is, if we do not have that

lim a, = b,
n—oo

for some
azxb.

In the next theorem we will show that the limit is unique, if it exists.
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Theorem 6.16: Uniqueness of limit

Let (a,) e be a sequence. Suppose that

lim @, =a, lima,=5>.
n—oo n—oo

Then a = b.

Proof

Assume that,

lim g, =a, lima,=0.
n—oo n—oo

Suppose by contradiction that
a#b.

Choose
1
e:==la-1.
2

Therefore ¢ > 0, since |a — b| > 0. By the convergence a, — a,
AN, €N st. Vo> Ny, g, —a| <e.
By the convergence a, — b,
AN, eNst. Yvn>N,, |a, — bl <e.

Define
N :=max{Nj, N,}.

Choose an n € IN such that n > N. In particular
n 2 Nl N n Z N2 .
Then

2¢e =la—b|
=la—a,+a, -1
<la—ap| +la, —b|
<e+t+e

= 2¢,

where we used the triangle inequality in the first inequality. Hence 2¢ < 2¢, which gives a
contradiction.
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Example 6.17

Question. Prove that

ondi-1 1
lim ==
n—sco 2p2 —3 2

Solution. According to Theorem 2.134, it suffices to show that the sequence

(nz_l)
2”2_3 nelN

converges to %, since then % can be the only limit.

1. Rough Work: Let ¢ > 0. We want to find N € N such that

2 _
n 1—l<£, vn>N.
2n2 -3 2
To this end, we compute:
nz_l_l‘_Z(nz—l)—(an—'b‘)
2n* -3 2 2(2n%-3)
o=l
4n? -6
_ 1
4n? —6
_ 1
3n%2 +n2 -6
1
~ 3n

which holds if n > 3, since in this case n® — 6 > 0. Therefore

nf-1 1 1
--l<e &= —<s
2n? -3 2 3n?
1
= 3n’>-
€
= n’> L
3¢
— n> L
V3e
Looking at the above implications, it is clear that N € IN has to be chosen so that
1
N>—.
V3¢

Moreover we need to recall that N has to satisfy
N2>3

for the estimates to hold.
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2. Formal Proof: We have to show that

2_
Ve>0,INeN st ¥n>N, 2” 1_1

Let ¢ > 0. Choose N € N such that

1
N > max{—, 3¢ .
{\/38 }

Letn > N. Then

n*—1 _1‘_ 1
m2—3 2| 4n?—56
_tr
3n2+n2—-6
1

= 3n2
1

~ 3N2

<€,

where we used that
n>N2>3

which implies
n*—6>0,

in the third line. The last inequality holds, since it is equivalent to

N>

I
M

6.5 Bounded sequences

An important property of sequences is boundedness.
Definition 6.18: Bounded sequence
A sequence (a,),¢p is called bounded if there exists a constant M € R, with M > 0, such that

la,| <M, VneNlN.
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Definition 2.135 says that a sequence is bounded, if we can find some constant M > 0 (possibly very
large), such that for all elements of the sequence it holds that

la,| < M,

or equivalently, that
—-M<a, <M.

We now show that any sequence that converges is also bounded
Theorem 6.19

Every convergent sequence is bounded.

Proof
Suppose the sequence (a,),¢n converges and let

a := lim q,

By definition of convergence we have that
Ve>0,INeN st. Vvn>N, |a, —a| <e.

In particular, we can choose

and let N € IN be that value such that
la, —al <1, ¥Yn>N.
If n > N we have, by the triangle inequality,

|an| = |an _a+a|
< |a, — al +a|
<1+la|.
Set
M :=max{la|,lasl,...,lan—1], 1+ |al} .

Note that such maximum exists, being the set finite. Then
la,| <M, vVneNN,

showing that (a,) is bounded.

The choice of M in the above proof says that the sequence can behave wildly for a finite number of

terms. After that, it will stay close to the value of the limit, if the latter exists.
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Example 6.20

Question. Prove that the following sequence is bounded, and find M:
1
ap = —.
n

Solution. In Theorem 6.8 we have shown that

lim le

n—oo n

Hence, it follows from Theorem 6.19 that the sequence (1/n) is bounded.
An explicit constant M is found as follows:

since n > 1 for all n € N. Therefore M = 1.

Warning

The converse of Theorem 6.19 does not hold: There exist sequences (a,) which are bounded,
but not convergent.

Example 6.21

The sequence
ap = (=1)"

is bounded (M = 1) but not convergent.
Proof. We have proven in Theorem 6.15 that (a,) is not convergent. However (a,) is bounded,
with M = 1, since

la,| =|(-1)"=1=M, VvneNlN.

Taking the contrapositive of the statement in Theorem 6.19 we get the following corollary:
Corollary 6.22

If a sequence is not bounded, then the sequence does not converge.

Remark 6.23
For a sequence (a,) to be unbounded, it means that

VM >0, 3neN s.t. |a,| > M.
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Comment. The above is saying that no real number M > 0 can be a bound for |ay|, since there
is always an index n € IN such that
la,| > M.

We can use Corollary 6.22 to show that certain sequences do not converge.
Theorem 6.24

Let p > 0. The sequence a, = n? is unbounded, and hence divergent.

Proof
Let p > 0. We prove that the sequence (n”),cy is unbounded, that is,
VM >0, 3neN s.t. |a,| > M.
To this end, let M > 0. Choose n € N such that
n>MVP.

Then
a, =nP > (Ml/p)p =M.

This proves that the sequence (n) is unbounded. Hence (n”) cannot converge, by Corollary
6.22.

Theorem 6.25

The sequence a, = logn is unbounded, and hence divergent.

Proof

Let us show that (log n),cy is unbounded, that is,
VM >0, 3ne€N s.t. |a,| > M.

To this end let M > 0. Choose n € IN such that

n Z€M+1.

Then
lan| = [logn| > [logeM™| =M +1> M.

This proves that the sequence (log n) is unbounded. Hence (log n) cannot converge, by Corollary
6.22.
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6.6 Algebra of limits

Proving convergence using Definition 2.129 can be a tedious task. In this section we discuss how to
prove convergence, starting from known convergence results.

Theorem 6.26: Algebra of limits
Let (a,)pen and (b,) e be sequences in R. Suppose that

lim a, =a, limb, =5,

n—oo n—oo
for some a,b € R. Then,
1. Limit of sum is the sum of limits:

lim (a, £b,) =a+b
n—oo

2. Limit of product is the product of limits:

lim (a,b,) = ab
n—o0o
3. If b, # 0 for alln € N and b # 0, then

lim <a_n) =4
n—oo \ by, b

Proof
Let (a,)pepn and (b,),en be sequences in R and let ¢ € R. Suppose that, for some a,b € R

lim a, =a, limb, =b.
n—oo n—oo

Proof of Point 1.

We need to show that
lim(a, +b,) =a+b.
n—oo

We only give a proof of the formula with +, since the case with — follows with a very similar
proof. Hence, we need to show that

Ve>0,INeN st. va>N, [(a, +b,) —(a+b)| <e.

Let ¢ > 0 and set

™M
Il
DN | ™
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Since a, — a,b, — b, and & > 0, there exist Ny, N, € IN such that
la, —al <&, ¥n>Np,
b, —b| <&, VYn>N,.
Define
N :=max{Nj, Np}.
For all n > N we have, by the triangle inequality,

(@n + by) — (@ + b)| = (ap — a) + (b, — D)
< |an_a|+|bn_b|
<E+E
=¢.

Proof of Point 2.

We need to show that
lim (a,b,) = ab,
n—oo

which is equivalent to
Ve>0,INeN st. vn> N, |a,b, —ab| < ¢.

Let ¢ > 0. The sequence (a,) converges, and hence is bounded, by Theorem 6.19. This means
there exists some M > 0 such that

la,| <M, VvneNN.

Define
_ &
M+|bl-

Since a, — a,b, — b, and & > 0, there exist Ny, N, € IN such that

5:

la, —al| <&, Vn>Nj.
b, — bl <&, ¥Yn>N,.
Let
N :=max{Nj, N,}.
For alln > N we have
la,b, — ab| = |a,b, — a,b + a,b — ab|
< |layb, — ayb| + |a,b — ab
= lan| by, — bl + [bl |2, — al
<ME+|b|é
=(M+ b)) é

=E£.
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Proof of Point 3.
Suppose in addition that b, # 0 and b # 0. We need to show that

lim o _a
n—>oo bn b ’

which is equivalent to

an a

Ve>0,INeN st vn> N,
b, b

<e.

We suppose in addition that b > 0. The proof is very similar for the case b < 0, and is hence
omitted. Let ¢ > 0. Set

Since b, — b and § > 0, there exists N; € N such that
b, —bl <8 Vn>=Nj.

In particular we have

by>b-d=b-> =

Define
. b?
T2 ra)

Since € > 0 and a,, — a,b, — b, there exist N,, N3 € N such that

la, —al <&, vYn>N,,
b, — bl <&, ¥n>Ns.

Define
N := max{Nl, N2, N3} .
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For all n > N we have

ap  a| _|ab—aby,
b, bl | byb
1
|b b| |a,b — ab + ab — ab,)|
|b b| |(an a)b + a(b - bn)|
1
|b 57 Uan —alll+ el by
< — (b + é&al)
b
-b
2
2(b +lal)
=——7FF

bz

In the future we will refer to Theorem 2.142 as the Algebra of Limits. We now show how to use
Theorem 2.142 for computing certain limits.

Example 6.27

Question. Prove that

noe Tn+d 7

Solution. We can rewrite
3n 3

- 4
n+4 742

By Theorem 6.12 we know that
323, 454, 7->7.

From Theorem 6.8 we know that .

- —0.
n

Hence, it follows from Theorem 2.142 Point 2 that

f_4 1 40=0,
n n

By Theorem 2.142 Point 1 we have

7+ S740=7.
n

192



Numbers Sequences and Series Dr. Silvio Fanzon - S.Fanzon@hull.ac.uk

Finally we can use Theorem 2.142 Point 3 to infer

3n 3

=
n+4 742 7
n

Important

The technique shown in Example 6.27 is useful to compute limits of fractions of polynomials.
To identify the possible limit, if it exists, it is often best to divide by the largest power of n in
the denominator.

Example 6.28

Question. Prove that

Solution. Factor n? to obtain

1
1— —
n?—1 _ n2
m2-3 ,_3°
W
By Theorem 6.9 we have
1,
n2
We can then use the Algebra of Limits Theorem 2.142 Point 2 to infer
% —>3.0=0
n
and Theorem 2.142 Point 1 to get
l—i—>1—O:1, 2—i—>2—0:2.
n? n?
Finally we use Theorem 2.142 Point 3 and conclude
1
1——
n? 1
3 2
2 =
2
Therefore
1
_ont-1 2 1
lim = lim ==
n—oo 2n2 -3 n—oo _ 2 2
n2
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We can also use the Algebra of Limits to prove that certain limits do not exist.
Example 6.29

Question. Prove that the sequence

a4+ 8n+1

" 24 on+1

does not converge.
Solution. To show that the sequence (a,) does not converge, we divide by the largest power
in the denominator, which in this case is n

_and+8n+1

" 2+ 2n+1

4n+§+i2
n n
7+24+1
n n?

where we set . -
by i=dn+-+—=, ¢, =7+-+—=.
n o n? n o n?
Using the Algebra of Limits Theorem 2.142 we see that
2 1
G=T7+—-+—=—>7.
n n
Suppose by contradiction that
a, = a
for some a € R. Then, by the Algebra of Limits Theorem 2.142 we would infer
b,=c, a, > 7a,
concluding that b, is convergent to 7a. We have that

8 1
b,=4n+d,, d, =t
n o n

Again by the Algebra of Limits Theorem 2.142 we get that
d, = 8 + iz -0,
n n
and hence
n=>b,—d, >7a—-0="7a.

This is a contradiction, since the sequence (4n) is unbounded, and hence cannot be convergent.
Hence (a,,) is not convergent.
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Warning

Consider the sequence
4n® +8n+1
R
n“+2n+1
from the previous example. We have proven that (a,) is not convergent, by making use of the
Algebra of Limits.
Let us review a faulty argument to conclude that (a,) is not convergent. Write
bn 3 2
ap=—, b, :=4n°+8n+1, ¢, :=7n“+2n+1.
Cn
The numerator
b, = 4n® +8n+1

and denominator
= 7n? +2n+1

are both unbounded, and hence (b,) and (¢,) do not converge. One might be tempted to conclude
that (a,,) does not converge. However this is false in general: as seen in Example 6.28, we have
nf-1 1

lim ==,
n—sco2p2 —3 2

while numerator and denominator are unbounded.

Sometimes it is useful to rearrange the terms of a sequence, before applying the Algebra of Limits.
Example 6.30

Question. Define the sequence

2nd +7Tn+1 8n+9
ay = : .
5n+9 6n3 +8n%+3
Prove that
lim a, = —
n—eo ' 15

Solution. The first fraction in (a,) does not converge, as it is unbounded. Therefore we cannot
use Point 2 in Theorem 2.142 directly. However, we note that

Lo +Tnt1  8n+9
" 5n+9  6nd+8n%+3
_8n+9 2n’+7n+1
S 5n+9 6nd+8n2+3"
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Factoring out n and n3, respectively, and using the Algebra of Limits, we see that

gn+9 8+9/m 8+0 _8
5n+9 5+9/n 5+0 5

and
2+7/n2+1/n®>  240+0 1
; _

6+8/n+3/n3  6+0+0 3

Therefore Theorem 2.142 Point 2 ensures that

6.7 Fractional powers

The Algebra of Limits Theorem 2.142 can also be used when fractional powers of n are involved.
Example 6.31

Question. Prove that
n/3 o n+7
= ———"——
4n3/2 4 5n
does not converge.

Solution. The largest power of n in the denominator is n®/2

. Hence we factor out n3/2

a, =

n3 4 odn+7
4n3/2 4 5p
W7/3-3/2 4 gn1/2-3/2 | 7p=3/2
4 +5n73/2
n5/6 +on 14 7n_3/2
4+5n73/2

where we set
b, := n5/6 +on~1 4 7n3/2 Cp 1= 4+45n73/2,

We see that b, is unbounded while ¢, — 4. By the Algebra of Limits (and usual contradiction
argument) we conclude that (a,) is divergent.

We now present a general result about the square root of a sequence.
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Theorem 6.32
Let (a,),en be a sequence in R such that

lim a, =a,
n—oo

for some a € R. Ifa, > 0 for alln € N and a > 0, then

lim @ZJ&.

n—oo

Proof
Let ¢ > 0. We the two casesa > 0 and a = 0:

e a > 0: Define

Since § > 0 and a,, — a, there exists N; € IN such that
la, —al <8, Vn>Nj.

In particular

an>a—5:a—§:§, vn> Np,

from which we infer

Ja, >a/2, vn>Np,
£:=(Ja/2+a) .

Since £ > 0 and a,, — a, there exists N, € IN such that

Now set

la, —al| <&, Vn>N,.

Let
N :=max{Nj, Np}.

For n > N we have

(Van — V@) (Va, +Va)

‘\/‘Tn_\/a: @+ﬁ
_ la, — al
_—m+\/5

é
Ja/2+a

=E£.
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e a = 0: In this case
a, >a=0.

Since €2 > 0, there exists N € N such that
la, — 0| = |a,| < e?, vn>N.

Therefore
War — 0| = Nagl <Je? =¢, wn>N.

Let us show an application of Theorem 6.32.
Example 6.33

Question. Define the sequence

a, =\9n% +3n+1-3n.

Prove that 1
lim a, = -.
n—oo 2

Solution. We first rewrite

a, =% +3n+1-13n
(\/9n2 Y3n41- 3n) <\/9n2 F3n+1+ 3n)
Jon? +3n+1+3n

9’ +3n+1—(3n)°

Jon? +3n+1+3n

_ 3n+1
Non? +3n+1+3n

The biggest power of n in the denominator is n. Therefore we factor out n:

a, =\m®+3n+1-3n
3n+1

N2 +3n+1+3n

1
34 =
_ n

/9+§+i+3
n n?
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By the Algebra of Limits we have

1
9+§+—2—>9+0+o=9.
n n

Therefore we can use Theorem 6.32 to infer

{9+§+i—>\/§.
n n?

By the Algebra of Limits we conclude:

Example 6.34

Question. Prove that the sequence

a, =\?+3n+1-2n

does not converge.
Solution. We rewrite g, as

a,=\m*+3n+1-2n
WP +3n+1- 2n)(\9n2 + 3n + 1 + 2n)
\Non2 +3n+1+2n

_9n® +3n+1—(2n)°

Jon2 +3n+1+2n

512 +3n + 1

N2 +3n+1+2n

1
5Sn+3+ -
n

3 1
/9+—+—2+2
n n
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where we factored n, being it the largest power of n in the denominator, and defined

Note that

by the Algebra of Limits. Therefore

f9+§+i2—>\/§:3
n o n
3 1
G=,9t-+—=+2—->3+2=5.
n  n?

b,,:5n+3+l
n

by Theorem 6.32. Hence

The numerator

is instead unbounded. Therefore (a,) is not convergent, by the Algebra of Limits and the usual
contradiction argument.

6.8 Limit Tests

In this section we discuss a number of Tests to determine whether a sequence converges or not.
These are known as Limit Tests.

6.8.1 Squeeze Theorem

When a sequence (a,,) oscillates, it is difficult to compute the limit. Examples of terms which produce

oscillations are
(=1)", sin(n), cos(n).

In such instance it might be useful to compare (a,) with other sequences whose limit is known. If
we can prove that (a,) is squeezed between two other sequences with the same limiting value, then
we can show that also (a,) converges to this value.
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Theorem 6.35: Squeeze theorem

Let (a,), (b,) and (c,) be sequences in R. Suppose that

b,<a,<¢,, VneN,

and that
lim b, = lim ¢, = L.
n—oo n—oo
Then
lim g, =L.
n—oo
Proof

Let ¢ > 0. Since b, — L and ¢, — L, there exist N;, N; € N such that

—e<b,—L<e,Vn2>Nyp,
—e<c,—L<e, Yn2=2N,.

Set
N := max{N;, N,}.

Let n > N. Using the assumption that b, < g, < ¢,, we get
by—L<a,—L<c¢,—L.

In particular
—e<b,—-L<a,—-L<b,—L<e.

The above implies
—<ay—-L<e = |a,—L|<e.

Example 6.36
Question. Prove that
G
lim =0.
n—oo n
Solution. For all n € IN we can estimate
-1<(-1)"<1.
Therefore 0
- -1
-1 < Sl < 1 , VneN.
n n n
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Moreover . .
lim —=-1-0=0, lim-=0.
n—oo n n—oon
By the Squeeze Theorem 2.151 we conclude
—1)"
lim 1) =0.
n—oo n
Example 6.37
Question. Prove that
cos(3n) + 9n? 9

im - = .
n—co 11n2 + 15sin(17n) 11
Solution. We know that

Therefore, for alln € N

—-1<cos(3n) <1, -1<sin(17n)< 1.

—1+ 9% < cos(3n) + 9n® < 1+ 9n?.
Concerning the denominator, we have
11n? — 15 < 11n% + 15sin(17n) < 11n% + 15
and therefore . . )
< < .
11n2 +15 ~ 11n2 + 15sin(17n) ~ 11n2 - 15
Putting together (6.7)-(6.8) we obtain

14912 < cos(3n) + 9n? < 1 + 92
11n2 +15 ~ 11n% + 15sin(17n) ~ 11n2 —15°

By the Algebra of Limits we infer

1
, —=+9
-14+9n°  pn? L 0+9 _ 9
) — -2
11n% + 15 11+1_§ 11+0 11
n
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We can use the above to estimate the numerator in the given sequence:

(6.7)

(6.8)
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and
1
5 =49
1+9%  p? L 0+9 _ 9
nn?-15  ;_15 11+0 11

n

Applying the Squeeze Theorem 2.151 we conclude

cos(3n) + 9n? 9

im - ==.
n—c 11n% + 15sin(17n) 11

Warning

Suppose that the sequences (a,), (b,), (c,) satisfy

and
bn—>L1, Cn—>L2, LliLz.

In general, we cannot conclude that a, converges.

Example 6.38

Consider the sequence
a, = (1 + l) (—1)".
n

For all n € N we can bound

—1—1g<1+1)(—1)’131+1.
n n n
However .
—1->-—-1-0=-1

n

and )
1+-—1+0=1.

n

Since

-1+1,

we cannot apply the Squeeze Theorem 2.151 to conclude convergence of (a,). Indeed, (a,) is a
divergent sequence.
Proof. Suppose by contradiction that a, — a. We have

="

anz(—l)"+T=bn+c,l
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where by
by, :=(D)", ¢, := 1) .
n

We have seen in Example 6.37 that ¢, — 0. Therefore, by the Algebra of Limits, we have
by=a,—-¢,—a—-0=a.

However, Theorem 6.15 says that the sequence b, = (—1)" diverges. Contradiction. Hence (a,)
diverges.

6.8.2 Geometric sequences

Definition 6.39: Geometric sequence

A sequence (ay) is called a geometric sequence if

a, = x",

for some x € R.

J

The value of |x| determines whether or not a geometric sequence converges, as shown in the follow-
ing theorem.

Theorem 6.40: Geometric Sequence Test

Let x € R and let (a,) be the sequence defined by a, := x". We have:

1. If |x| < 1, then
lim g, =0.

n—oo

2. If |x| > 1, then sequence (g,) is unbounded, and hence divergent.

Warning
The Geometric Sequence Test in Theorem 2.154 does not address the case
x| =1.

This is because, in this case, the sequence
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might converge or diverge, depending on the value of x. Indeed,
xl=1 = x=4=1.
We therefore have two cases:

e« x = 1: Then
a, =1"=1

so that a, — 1 and (a,) is convergent.

e« x = —1: Then
ap = x" = (-1)"

which is divergent by Theorem 6.15.

To prove Theorem 2.154 we need the following inequality, known as Bernoulli’s inequality.
Lemma 6.41: Bernoulli’s inequality
Let x € R with x > —1. Then

1+x)">14+nx, VvneN. (6.9)

Proof
Let x € R, x > —1. We prove the statement by induction:

« Base case: (6.9) holds with equality whenn = 1.

« Induction hypothesis: Let k € IN and suppose that (6.9) holds for n = k, i.e.,
A+x)*>1+kx.
Then

A+ =1+ 20k +x)
> (1 +kx)(1+x)
=1+kx+x+kx®
>1+(k+ Dx,

where we used that kx? > 0. Then (6.9) holds for n = k + 1.

By induction we conclude (6.9).
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We are ready to prove Theorem 2.154.
Proof: Proof of Theorem 2.154
Part 1. The case |x| < 1.

If x = 0, then
a, =x"=0

so that a, — 0. Hence assume x # 0. We need to prove that

Ve>0,INeN st vn>N, [x"-0|<e.

Let ¢ > 0. We have

1
xl<1 = —>1.
|x|
Therefore
1 1
|x| = , u:=—-1>0.
1+u |x|
Let N € N be such that
1
N>—,
cu
so that 1
— <€
Nu

Letn > N. Then

A
|

IN
|

where we used Bernoulli’s inequality (6.9) in the first inequality.
Part 2. The case |x| > 1.
To prove that (a,) does not converge, we prove that it is unbounded. This means showing that

VM>0,3neN st. |a,| > M.

Let M > 0. We have two cases:
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e 0 <M < 1: Choose n = 1. Then

« M > 1: Choose n € IN such that

lai] = x| >1> M.

log M
log [x| -

n>

Note that log |x| > 0 since |x| > 1. Therefore

Then

— nlog|x| >logM

log |x|

= log|x|" >logM

= |x">M.

lag| = x"] = [x* > M.

Hence (a,) is unbounded. By Corollary 6.22 we conclude that (a,) is divergent.

Example 6.42

1. We have

since

2. We have

since

3. The sequence

does not converge, since

We can apply Theorem 2.154 to prove convergence or divergence for the following sequences.
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4. Asn — oo,

(=5 5
since
‘ 3
-Zl=2<1
5 5
5. The sequence
G
n = 2211

does not converge, since

22n (22)" 4
and
2= 151
4 4

6.8.3 Ratio Test
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Theorem 6.43: Ratio Test

Let (a,) be a sequence in R such that

a, 0, vnelN.

1. Suppose that the following limit exists:

a
L := lim |2
n—o | aq,
Then,
« If L <1 we have
lim a, =0.
n—oo

« If L > 1, the sequence (a,) is unbounded, and hence does not converge.
2. Suppose that there exists N € N and L > 1 such that

An+1

>L, vn>N.

ap

Then the sequence (a,) is unbounded, and hence does not converge.

Proof

Define the sequence b, = |a,|. Then,

An+1 _ lay41] _ bniq
an |a,| by
Part 1. Suppose that there exists the limit
a
L := lim |2
n—eo| q,
Therefore b
lim L =, (6.10)
n—oo bn
« L < 1: Choose r > 0 such that
L<r<1.
Set
e:=r—1L
By the convergence at (6.10) there exists N € N such that
b
"—H—L‘<£:r—L, vn>N.
by
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In particular

b
"l _L<r-L, ¥n>N,
bn
which implies
bpy1 <rb,, Vn>N. (6.11)

Let n > N, we can use (6.11) recursively and obtain

b
0<b, < rb,_4 <...<r"_NbN=r"—N.
rN
In particular, we have proven that
n by
0<b, <r"—, VvneN. (6.12)

N’
Since |r| < 1, by the Geometric Sequence Test Theorem 2.154 we infer

" —0.

The Algebra of Limits the yields

By the Squeeze Theorem 2.151 applied to (6.12), it follows that
by = la,| — 0.
Since
- |an| <ap < |an| >

and
_|an| _)0’ |an|_)0’

we can again apply the Squeeze Theorem 2.151 to infer

a, —> 0.
e L > 1: Choose r > 0 such that
1<r<L.
Define
e:=L—-r>0.

By the convergence (6.10), there exists N € IN such that

bn+1
by

—L‘<£:L—r, vn>N.
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In particular,

b
—(L-r< ntl —-L, vn>N,
n
which implies
bpy1 >rb,, ¥Yn>N. (6.13)
Let n > N. Applying (6.13) recursively we get
n—N n b
by>r"Vby=r -~ Vn=N. (6.14)
r

Since |r| > 1, by the Geometric Sequence Test we have that the sequence
")

is unbounded. Therefore also the right hand side of (6.14) is unbounded, proving that (b,)
is unbounded. Since
by = |ay|,

we conclude that (a,) is unbounded. By Corollary 6.22 we conclude that (a,) does not
converge.

Part 2. Suppose that there exists N € N and L > 1 such that

a
n+1 >

= >

ap

Since b, = |a,|, we infer
bn+12Lbn> VTIZN

Arguing as above, we obtain
by
n —
b, >L N vn>N.
Since L > 1, we have that the sequence
by
LN
is unbounded, by the Geometric Sequence Test. Hence also (b,) is unbounded, from which we
conclude that (a,) is unbounded. By Corollary 6.22 we conclude that (a,) does not converge.

Let us apply the Ratio Test to some concrete examples.
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Example 6.44

Question. Prove that

where we recall that n! (pronounced n factorial) is defined by

nl:=n-(n-1-n-2)-...-3-2-1.

( 3n+1 )
+1)!

ﬁ n+1
n!

Hence, L = 0 < 1 s0 a,;, — 0 by the Ratio Test in Theorem 2.156.

Solution. We have

n+1
an

Example 6.45

Question. Prove that the sequence is divergent

n!-3"

Jen)

a, =

Solution. We have

an+1

(n+ 1) 3 Cn)!

- JC@m+ ) nt3"
_(t+1) gt \J(2n)!
I N CORS)]

an

For the first two fractions we have

n+1) 37l
(T)'33—n=3(n+1),

while for the third fraction

J(@n)! _ (2n)!
Jem+n)y \@n+2)!

B (2n)!
“\(@n+2)-Cn+1)-(2n)!
1

Jen+1)2n+2)

212




Numbers Sequences and Series Dr. Silvio Fanzon - S.Fanzon@hull.ac.uk

Therefore, using the Algebra of Limits,

(1,1_+1 _ 3(” + 1)
a | (entDzn+2)

R
V(e ) (2+)
s(1+1)

= — 3.3 >1
2
(2+2)(2+2) V4
n n
By the Ratio Test we conclude that (a,) is divergent.
Example 6.46
Question. Prove that the following sequence is divergent
n!
a, = .
" 100
Solution. We have
aup1| 100" (n+1)! n+1
a, 100"t n! 100 °
Choose N = 101. Then for alln > N,
a
mer| _ntl  N+1_ 101
a 100 100 100

Hence a, is divergent by the Ratio Test.

Warning

The Ratio Test in Theorem 2.156 does not address the case
L=1.

This is because, in this case, the sequence (a,) might converge or diverge.
For example:

« Define the sequence
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We have
=" —-L=1.
n+1

Ant1
an

Hence we cannot apply the Ratio Test. However we know that

lim 1 =0.
n—o n

« Consider the sequence
ap =n.

We have

a
|n+1|:n+1_)L:1.

la| n

Hence we cannot apply the Ratio Test. However we know that (a,) is unbounded, and
thus divergent.

J

If the sequence (a,) is geometric, the Ratio Test of Theorem 2.156 will give the same answer as the
Geometric Sequence Test of Theorem 2.154. This is the content of the following remark.

Remark 6.47

Let x € R and define the geometric sequence

a, =x".
Then o
n
aﬂ+1 _ |x | — |x|n+1 — |x| N |x|
an |x"| |x[" '
Hence:

« If |x| < 1, the sequence (a,) converges by the Ratio Test
« If |x| > 1, the sequence (a,) diverges by the Ratio Test.
« If |x| = 1, the sequence (a,) might be convergent or divergent.

These results are in agreement with the Geometric Sequence Test.
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6.9 Monotone sequences

We have seen in Theorem 6.19 that convergent sequences are bounded. We noted that the converse
statement is not true. For example the sequence

Gy = (-1)"

is bounded but not convergent, as shown in Theorem 6.15. On the other hand, if a bounded sequence
is monotone, then it is convergent.

Definition 6.48: Monotone sequence
Let (a,) be a real sequence. We say that:

1. (a,) is increasing if
a, <apy1, VYn2>2N.

2. (a,) is decreasing if
ay > apy1, VYn2>2N.

3. (a,) is monotone if it is either increasing or decreasing.

Example 6.49

Question. Prove that the following sequence is increasing

n—1
a, =
n
Solution. We have
PR n—1 a
n+1 n+i n ns

where the inequality holds because

n n—1

> = >h-1)n+1)
n+1 n

— n>n?-1
s 0>-1

Example 6.50

Question. Prove that the following sequence is decreasing

1
ap = —.
n
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Solution. We immediately see that

1
ap = — >

— =aqa .
n n+1 ntl

The main result about monotone sequences is the Monotone Convergence Theorem.

Theorem 6.51: Monotone Convergence Theorem

Let (a,) be a sequence in R. Suppose that (a,) is bounded and monotone. Then (g,) converges.
In particular,

1. If @, is increasing, then
lim @, =sup A,
n—>oo

2. If a, is decreasing, then
lim a, =infA,

n—oo

where we define A ={a, : ne N}

Proof

Assume (ay,) is bounded and monotone. Since (a,) is bounded, the set
A:={a,: neN}CR

is bounded below and above. By the Axiom of Completeness of R there exist i, s € R such that
i=infA, s=supA.

We have two cases:

1. (a,) is increasing: We are going to prove that

lim a, =s.
n—oo
Equivalently, we need to prove that
Ve>0,INeN st. Yvn>N, |a, —s| <e. (6.15)

Let € > 0. Since s is the smallest upper bound for A, this means

S—E&
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is not an upper bound. Therefore there exists N € IN such that
s—e<ay. (6.16)
Let n > N. Since a, is increasing, we have
ay<a,, Vn>N. (6.17)
Moreover s is the supremum of A, so that
a, <s<s+e, VnelN. (6.18)
Putting together estimates (6.16)-(6.17)-(6.18) we get
s—e<ay<a,<s<s+¢e, ¥Yn>N.

The above implies
s—e<a,<s+¢e, Vn>N,

which is equivalent to (6.15).

2. (a,) is decreasing: With a similar proof, one can show that

lim a, =i.
n—oo

This is left as an exercise.

6.9.1 Example: Euler’s Number

As an application of the Monotone Convergence Theorem we can give a formal definition for the
Euler’s Number
e = 2.71828182845904523536 ...

Theorem 6.52
Consider the sequence
1 n
a, = (1 + —) .
n
We have that:

1. (a,) is monotone increasing,
2. (a,) is bounded.

In particular (a,) is convergent.
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Proof
Part 1. We prove that (a,) is increasing
ay 2 a,_1, VYneN,

which by definition is equivalent to

ln 1 n—1
(141) > (1+ )7 wnen,
n n—1

Summing the fractions we get

()= ()

Multiplying by ((n — 1)/n)" we obtain
(n—l)"(n+1>" sn=1
n n n

1\" 1
1-=) 21--, VneN. (6.19)
n n

which simplifies to

Therefore (a,) is increasing if and only if (6.19) holds. Recall Bernoulli’s inequality from Lemma
9.157: For x € R, x > —1, it holds

(1+x)">1+nx, VnelN.

Appliying Bernoulli’s inequality with

yields
5) zen(og) =1,
1- =) >1+n(-=)=1-=,
( n? n’ n

which is exactly (6.19). Then (a,) is increasing.
Part 2. We have to prove that (a,) is bounded, that is, that there exists M > 0 such that

la,| <M, vVneNlN.

To this end, introduce the sequence (b,) by setting

n+1
b, ::(14—1) .
n

The sequence (b,) is decreasing.
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To prove (b,) is decreasing, we need to show that
bnflzbn’ VHEN.

By definition of b, the above reads

1 n 1n+1
(14 2)' > (14 1) vmen.
n—1 n

Summing the terms inside the brackets, the above is equivalent to

()= () (50

Multiplying by (n/(n + 1))" we get

The above is equivalent to

(1+ ! >n>(1+l> (6.20)
n2—-1/ — n/’ '
Therefore (b,) is decreasing if and only if (6.20) holds for all n € N. By choosing
y= 1
n? -1

in Bernoulli’s inequality, we obtain

1 \" 1
1+ ) 21+n< )
( n?—1 n? -1

=1+

n?—1

1
>1+ -,

n

where in the last inequality we used that

n >l
n-1" n’

which holds, being equivalent to n? > n? — 1. We have therefore proven (6.20), and
hence (b,) is decreasing.
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We now observe that For alln € N

Since (a,) is increasing and (b,) is decreasing, in particular
a,>ay, b, <b.

Therefore
ap <a, <b,<b;, VneNl.

We compute
from which we get

Therefore
la,| <4, vneNN,

showing that (a,) is bounded.
Part 3. The sequence (ay,) is increasing and bounded above. Therefore (a,) is convergent by the
Monotone Convergence Theorem 2.163.

Thanks to Theorem 6.52 we can define the Euler’s Number e.
Definition 6.53: Euler’s Number

The Euler’s number is defined as

Setting n = 1000 in the formula for (a,), we get an approximation of e:

€ = dypop = 2.7169.
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6.10 Special limits

In this section we investigate limits of some sequences to which the Limit Tests do not apply.
Theorem 6.54

Let x € R, with x > 0. Then

lim ¥x=1.
n—oo
Proof
Step 1. Assume x > 1. In this case
Yx>1.
Define
b, :=%x—1,

so that b, > 0. By Bernoulli’s Inequality we have
x=Q+b)">1+nb,.

Therefore
x—1

0<b, <
n

Since
x—1

—0,
n

by the Squeeze Theorem we infer b, — 0, and hence

Yx=1+b,—1+0=1,

by the Algebra of Limits.
Step 2. Assume 0 < x < 1. In this case
->1
X
Therefore
lim {1/x=1
n—oo
by Step 1. Therefore
= ——— =1,

by the Algebra of Limits.
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Theorem 6.55
Let (a,) be a sequence such that a, — 0. Then

sin(a,) » 0, cos(a,) —> 1.

Proof
Assume that g, — 0 and set
ei= 2.
2
By the convergence a,, — 0 there exists N € IN such that
T
|an|<£:§ vn>N. (6.21)
Step 1. We prove that
sin(a,) — 0.

By elementary trigonometry we have
0 <|sin(x)| =sin|x| < |x|, Vxe€ [—% %] )
Therefore, since (6.21) holds, we can substitute x = a, in the above inequality to get
0 < |sin(ay)| < la,|, V¥n>N.

Since a, — 0, we also have |a,| — 0. Therefore |sin(a,)] — 0 by the Squeeze Theorem. This
immediately implies sin(a,) — 0.
Step 2. We prove that

cos(a,) = 1.

Inverting the relation
cos?(x) + sinz(x) =1,

cos(x) = /1 — sin®(x).

We have that cos(x) > 0 for —z/2 < x < n/2. Thus

cos(x):\/Tnz(x), Vxe[—%,% .

Since (6.21) holds, we can set x = a, in the above inequality and obtain

cos(ay) =1 —sin’(a,), VYn>N.

By Step 1 we know that sin(a,) — 0. Therefore, by the Algebra of Limits,

we obtain

1—sin2(an)—>l—0~0=1.
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Using Theorem 6.32 we have

cos(a,) =+/1— sinz(an) —J1=1,

concluding the proof.

Theorem 6.56

Suppose (a,) is such that a, — 0 and a,, # 0. Then,

sin(a,
lim (@) =1
n—oo a,

Proof

The following elementary trigonometric inequality holds:
. b
sin(x) < x < tan(x), Vx¢€ [0, E] .

Note that sinx > 0 for 0 < x < 7/2. Therefore we can divide the above inequality by sin(x)
and take the reciprocals to get

sin(x)

cos(x) < <1, VxE(O,%].

If —7/2 < x < 0, we can apply the above inequality to —x to obtain

cos(—x) < sin(=x) <1.
Recalling that cos(—x) = cos(x) and sin(—x) = — sin(x), we get
cos(x) < sin(x) <1, Vxe ( -z 0]

, 50

Thus )
cos(x) < sin(x) <1, Vxe [—%,% \ {0}. (6.22)

Let

T

£:i= =,
2
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Since a, # 0 by assumption, the above shows that
T
me[-Z. 2|\ 0}, vnzN.
ve[-ZE] o

Therefore we can substitute x = a,, into (6.22) to get

sin(a,
cos(an)<ﬁ<1, vn>N.
a

n

We have
cos(a,) — 1

by Theorem 6.55. By the Squeeze Theorem we conclude that

sin(a,
lim (@) =1
n—oo an

Warning

You might be tempted to apply L’Hopital’s rule (which we did not cover in these Lecture Notes)
to compute

. sin(x)
lim .

x—>0 X

This would yield the correct limit

. sin(x) . (sin(x))”
lim ——= = lim ——— = lim cos(x) = 1.
x=0 X x=0  (x) x—0
However this is a circular argument, since the derivative of sin(x) at x = 0 is defined as the
limit
. sin(x)
lim —=.

x—0 X

Theorem 6.57

Suppose (a,) is such that a, — 0 and a,, # 0. Then,

. 1—cos(a,) 1 )
lim ———==-, lim

1 — cos(ay,) o
e (@R 2 e g
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Proof

Step 1. By Theorem 6.55 and Theorem 6.56, we have

sin(a,
cos(a,) = 1, M -1
an
Therefore
1—cos(a,) 1—cos(a,) 1+ cos(a,)
(a,)? (a,)? 1+ cos(a,)
1-— cos2(an) 1

(a,)? 1+ cos(ay,)
( sin(ay,) )2 1 . 1

a, 1+ cos(a,) 1+1 2

where in the last line we use the Algebra of Limits.
Step 2. We have
1—cos(a,) 1 — cos(ay,)

1
an " (an)z 2

using Step 1 and the Algebra of Limits.

Example 6.58

Question. Prove that
lim nsin <l> =1. (6.23)
n

n—o0

Solution. By Theorem 6.56 with a,, = 1/n, we get

i ( 1 )
S| —
. 1 n
nsm\|-— )= e
n

1
n

Example 6.59

Question. Prove that

(6.24)

lim n? (1 — cos <l>> =
n—oo n

DN | =
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Solution. By Theorem 6.57 with a,, = 1/n, we have

1

oo

N | =

n

Example 6.60

Question. Prove that

1
n{l—cos|- 1
lim —— %72 — 2
n—oo . 1 2
sin| —
n

Solution. Using (6.24)-(6.23) and the Algebra of Limits
n(l—cos(l)) n? (1—cos (l))
n// _ n
n(;) a(;)
sin ( = nsin | -
n n

1/2

1
1 2

Example 6.61

Question. Prove that

lim ncos (2) sin(g) =2.
n—co n n

(2)
cos|—-|]—1,
n

by Theorem 6.55 applied with a,, = 2/n. Moreover

)

2

n

Solution. We have

_)1,

by Theorem 6.56 applied with a, = 2/n. Therefore

o 22 n(2) 1

—2-1-1=2,

S I
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where we used the Algebra of Limits.

Example 6.62

Question. Prove that

2
lim 2 +lsin<l>=1.

n—-oo n+1

Solution. Using (6.23) and the Algebra of Limits,

1+ 1
n®+1 (1) n? ( ())
sim|— ) = 1 lnsmm| —
n+1 n 14 - n

n

1+0

227



7 Sequences in C

The theory for sequences in C is very similar to that of sequences in R. In R, we said that a sequence

(a,) converges to some number a € R if for all ¢ > 0, it holds

la, —al <&

for all n suffieciently large. The definition of convergence in C is essentially the same, with the

absolute value replaced by the complex modulus.
Definition 7.1: Sequence of Complex numbers

A sequence a in C is a function
a: N—C.

For n € N, we denote the n-th element of the sequence a by
a, = a(n)

and write the sequence as
(@peny or  (ay).

In the following we define convergent sequences in C.
Definition 7.2: Convergent sequence in C

We say that a sequence (a,) in C converges to a € C, or equivalently has limit a, denoted by

lima,=a or a,—a,
n—oo

if it holds:
Ve>0,AINeN st. Yvn>N, |a,—a| <e.

If there exists a € C such that lim,_,, a, = a, we say that the sequence (a,) is convergent.

Important

In Definition 7.2 we still take ¢ to be real. This makes sense, since

lz| = \(x? +y? €R
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forallz=x+iyeC.

Example 7.3
Question. Using Definition 7.2, prove that

. B+Dn-7i
lim ————— =

n—>oo n

3+1.

Solution.
Part 1. Rough Work. Let ¢ > 0. We need to clarify for which values of n the following holds:

3+in—7i
‘L—%—J—@+0<a
n
We have
3+in—7i —7i
‘—( On l—(3+i)‘=| 1.7
n n
Therefore

7 7
-<é& — n>-—.
n £

Part 2. Formal Proof. We want to prove that for all ¢ > 0 there exists N € IN such that

3+in—-171
R R B
Let £ > 0. Choose N € N such that ;
N> -.
£
The above is equivalent to
T <
N
For n > N we have
34+in—17i
Bdn=7_ siploT<
n- N

Boundedness plays an important role for complex sequences.
Definition 7.4: Bounded sequence in C
A sequence (ay,) in C is called bounded if there exists a constant M € R, with M > 0, such that

la,) <M, VvneNN.

As it happens in R, we have that complex sequences which converge are also bounded.
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Theorem 7.5

If a sequence (a,) in C converges, then the sequence is bounded.

The proof is identical to the one in R, and is hence omitted. Similarly to real sequences, we can
define divergent complex sequences.

Definition 7.6: Divergent sequences in C

We say that a sequence (a,) in C is divergent if it is not convergent.

As a corollary of Theorem 7.5 we have the following.
Corollary 7.7

Let (a,) be a complex sequence. If (a,) is not bounded, then it is divergent.

7.1 Algebra of limits in C

Most of the results about limits that we have shown in R also hold in C. The first result is the Algebra
of Limits.

Theorem 7.8: Algebra of limits in C
Let (a,) and (b,) be sequences in C. Suppose that

lim g, =a, limb, =0,

n—oo n—0o0
for some a,b € C. Then,
1. Limit of sum is the sum of limits:

lim (a, £b,) =a+b
n—oo

2. Limit of product is the product of limits:

lim (a,b,) = ab
n—o00
3. If b, # 0 for alln € N and b # 0, then
lim <a_,,) =4
n—co \ b, b
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The proof of Theorem 7.8 follows word by word the proof of the Algebra of Limits for sequences in
R: one just needs to replace the absolute value by the complex modulus.

We can use the Algebra of Limits to compute limits of complex sequences.
Example 7.9
Question. Compute the limit of

_(2-in*+6in—5-3i
g (6 + 3)n% + 11

Solution. Factor n?, the largest power of n in the denominator,

6i 5 3i
2—-D)+—————
a _( ) n n? n? 2—1
n — . R
(6+3i)+—1121 6+3i
n

where we used the Algebra of Limits. Finally,

2—i _ (2-i(6-3) 1

6+3i (6+3i)(6-3) 5

4 .
- —i.
15

7.2 Convergence to zero

One of the results that cannot hold for complex sequences is the Squeeze Theorem. Indeed the chain

of inequalities
b, <a,<gc,

would not make sense in C, since there is no order relation.
We can however prove the following (weaker) result.

Theorem 7.10

Let (a,) be a sequence in C and suppose that
lim |a,| = 0.
n—oo

Then

lim g, = 0.
n—oo
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Proof
Assume that |a,| - 0. We need to show that
Ve>0,INeN st. vn> N, |a,— 0| <e.
Let £ > 0. Since |a,| — 0, there exists N € IN such that
lla,] =0/ <e, Vn>N.
Letn > N. Then,

|an -0/ = |an|
= |an|_0
= llan| - ol
<e.

Note that the sequence |a,| is real. Therefore the convergence of |a,| can be studied using convergence
results in R.

Example 7.11

Question. Prove that a, — 0, where

Solution. We have

Since
13

36

by the Geometric Sequence Test for real sequences, we conclude that

<1,

lan| = 0.

Hence a,, — 0 by Theorem 7.10.
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Although the Squeeze Theorem cannot be used for complex sequences, sometimes it can be used to
deal with real terms in a complex sequence.

Example 7.12

Question. Consider the sequence

2i cos(3n)n + (7 — i)n®
a, :=
" 3n2 + 2in + sin(2n)

Prove that
. 7 1,
lim g, = = — =i.
n—oo 3 3

Solution. We divide by the largest power in the denominator, to get

2i cos(3n)

+(7-1)
a, = -
j n(2
3+2+Sl ( n)
n n?

Notice that
—1<cos(3n) <1, VneNN,

and thus
2cos(3n
_ES#SE, VneN.
n n n
Since 5
-——0, -—0,
n

by the Squeeze Theorem we conclude that also

2 cos(3n)
/Y 50
n

In particular we have shown that

2i cos(3n)
n

— 0.

B ‘2 cos(3n)
B n

Using Theorem 7.10 we infer
2i cos(3n)
et AN

0.
n
Similarly,
sin(2n
—izg (2)3—%, vneNN.
n n n
Since 1
- —0, —= —0,
n? n




Numbers Sequences and Series Dr. Silvio Fanzon - S.Fanzon@hull.ac.uk

by the Squeeze Theorem we conclude

sin(2n)
— 0.
2
Finally, we have
‘21" 2
Zl=2 o,
n n
and therefore
2i
2 _ 50
n

by Theorem 7.10. Using the Algebra of Limits in C we conclude

2i cos(3n) .
0D ohg-n 71
a, = — ==-—-I.
" 2i  sin(2n) 340+0 3 3
34+ =+
n n?

7.3 Geometric sequence Test and Ratio Test in C

The Geometric Sequence Test and Ratio Test can be generalized to complex sequences.
Theorem 7.13: Geometric sequence Test in C
Let x € C and let (a,), ¢ be the geometric sequence in C defined by
ap :=x".
We have:

1. If |x| < 1, then

lim g, = 0.
n—oo

2. If |x| > 1, then sequence (a,) is unbounded, and hence divergent.

The proof can be obtained as in the real case, replacing the absolute value by the modulus.
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Example 7.14

Question. Prove that a, — 0, where

(=1 + 4
a, = ———.
(7430
Solution. We first rewrite
(=1 +4i)" (—1 + 41')”
ap = . = X
(7 + 3i)" 7+3i
Then, we compute
‘—1+4i‘_ | — 1+ 4
743 |7 + 3l

i
V58
_ 7
58
<1
By the Geometric Sequence Test g, — 0.
Example 7.15
Question. Prove that g, diverges, where
_ (=5+120)"
T (3-4i)
Solution. We first rewrite
(=5 + 12i)" (—5 + 121’)"
a, = = .
" (3 —4i) 3—4i
We compute
‘—5+12i | =5+12]
3—-4i 3 — 4

32 + (—4)?

13

>1.
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By the Geometric Sequence Test, the sequence g, diverges.

Example 7.16
Question. Prove that g, diverges, where

a, = exp(iﬂn>
n — - .
2

Solution. We have )
Zn
ez

|a,| = =1,
and hence the Geometric Sequence Test cannot be applied. However, we can see that
a, = (@(,—-1,-i,1,i,—1,-i,1,...),

that is, a, assumes only the values {i, —1, —i, 1}, and each of them is assumed infinitely many
times. Therefore g, is oscillating, and thus divergent.

We now provide the statement of the Ratio Test in C.
Theorem 7.17: Ratio Test in C
Let (a,) be a sequence in C such that

a, #0, VvVnelN.

1. Suppose that the following limit exists:

a
L := lim |2
n—oo an
Then,
« If L <1 we have
lim a, =0.
n—oo

« If L > 1, the sequence (a,) is unbounded, and hence does not converge.

2. Suppose that there exists N € N and L > 1 such that

An+1
an

>L, vVvn>N.

Then the sequence a, is unbounded, and hence does not converge.
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The proof of Theorem 7.17 follows word by word the proof of the Ratio Test Theorem in R, and only
two minor modifications are needed:

« Replace the absolute value with the complex modulus,
« Instead of the Squeeze Theorem, use Theorem 7.10.

Example 7.18

Question. Study the convergence / divergence of the sequence

_ (4 - 3i)"
RO

Solution. We compute

An+1
ap

_|(a=3)m (2n)!
B ‘ Q(n+ 1)! (4 - 30"
_la-sitt (en)!
T a=3i"  (2n+2)!
B 4 — 3|
(2n+2)(2n+1)
B J42 + (=3)2
C @Cn+2)(2n+1)

5

T Gnr2)n+ D)
5

2
= L L=0.

() (e 0)

Since L = 0 < 1, by the Ratio Test in C we infer a, — 0.

7.4 Convergence of real and imaginary part

A complex number z € C can be written as
z=a+bi
for some a,b € R, where

« a is the real part of z,
« b the imaginary part of z.
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We can prove that a complex sequence converges if and only if both the real parts and the imaginary
parts converge.

Theorem 7.19

Let (z,),en be a sequence in C. For n € N, let a,,, b, € R such that
Zp = ay + byi.

Let z = a + bi, with a,b € R. Then

limz, =z < limag,=a, limb,=0.
n—oo n—oo n—oo

Proof

Part 1. Suppose that
lim z, = z.

n—oo
To prove that a, — a we need to show that
Ve>0,INeN st. ¥va> N, |a,—a| <e¢.
Let ¢ > 0. Since z, — z, there exists N € IN such that
|z, —z| <e, ¥Yn>N.

Letn > N. Then
2
la, —al =(a, — @)

<@ —a) + (b — b
= @y — @) + (by — B
= |(a,, + b,i) — (a + bi)|
= |Zn - Z|

<e.

The proof for b, — b is similar.
Part 2. Suppose that
lim g, =a, limb,=5b.
n—oo n—oo
To prove that z, — z we need to show that
Ve>0,INeN st Vn>N, |z,— 2| <e.
Let £ > 0. Since a, — a, there exists N; € IN such that

|an—a|<§, vn>Np.
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Since b, — b, there exists Ny € IN such that
€
|bn—b|<5, VHZNZ
Let
N :=max{N;, N,} .
Let n > N. By the triangle inequality,
|zn — 2| = |(ay, + byi) — (a + bi))|

= |(a, —a) + (b, — b) |

< lan, —al + b, — bl - li

= la, —al + |b, — Y|

& £
<S 4=

2 2
=E£.

Example 7.20

Question. Consider the complex sequence

(4n + 3n%) (2n* +1)
s 5nt '
Show that
lim z, = éi .
n—»oo 5

Solution. We find the real and imaginary parts of z,

(4n + 3n2i) (Zn2 + i)
n 5nt

8n® + 4ni + 6n*i + 3n%i

5n4
8n® —3n®  6n*+4n,
= + i
5n4 5n4

=a, +b,i.
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Using the Algebra of Limits for real sequences we have that

§_3
8n3—3n2 n p2 0-0
a, = = — =0,
5nt 5 5
4
4 6+ —
6n* + 4n n3 6+0 6
bﬂ: = —> = —.
5n4 5 5 5

By Theorem 7.19 we conclude

lim z, = lim a, +i lim bn=0+§i= Ei.
n—oo n—oo n—oo 5 5
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8 Series

A series is the sum of all terms in a sequence (a,):
a; +a2+a3+...+an+...

Since we are dealing with infinitely many terms, we need to be careful. For example, consider the

series
o0

(-1)'=-1+1-1+1-1+1~.. (8.1)

n=1
If we sum the terms in pairs, we obtain

i(—l)”:(—1+1)+(—1+1)+(—1+1)+...:0.

n=1

If we reorder the terms, we obtain a different result

i(—l)“=(1+1)—1+(1+1)—1+...
n=1

=2-D+2-1D+..
=1+1+..

=00,

We can also swap terms pairwise, and then sum each pair, starting from the second term. This way
we obtain

i(—l)" =(-1+D+C1+D)+(-14+ 1) +...
k=1

=1-D+-D+Q-1)+...
=1+(-1+D+(1+D)+(-1+1)+...
=1.

If we do one more swap, and start summing each pair starting from the third term, we get

i(—l)” =1+(-1+D+(1+D+(-1+1)+...
k=1

=1+1-D+Q-D+Q-1D+...
=1+14+(C-1+D+(-1+1)+..
=2.
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With similar arguments, we see that we can rearrange terms so that

Z(—l)" =m,
n=1

for each m € Z. This example shows that commutativity of the sum does not hold when summing
infinitely many terms: The result of the sum depends on the order in which we sum. This means we
need a good definition of convergence for series.

8.1 Convergent series

We will develop the theory of series for sequences in C. All the results for complex series will also
hold for series in R. Some results will only hold for series in R: this will be the case for comparison
tests in which the order relation of R is needed.

We start by defining partial sums.
Definition 8.1: Partial sums
Let (a,) be a sequence in C. The k-th partial sum of (a,) is
k
S =ata . tage= )y a
n=1

This sequence (s ) 1S called the sequence of partial sums.

We can use the sequence of partial sums to define convergence of a series.

Definition 8.2: Convergent series

Let (a,) be a sequence in C. We denote the series of (a,),en by
2.4
n=1

We say that this series converges to s € C if

k

lim Zan = lim s =s.
n=1 koo

k—o00

In this case we write

(o]
Y ay=s.
n=1
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Definition 8.3: Divergent series
Let (a,) be a sequence in C. The series
o0
2,
n=1

is divergent if the sequence of partial sums (s;) is divergent.

Example 8.4

Question. Prove that

(o) 1 B
Zn(rﬁ—l)_1

n=1
Solution. The idea to prove convergence is to split the general term into the sum of two
fraction:
1 A B
nn+1) n n(n+1)
_A(n+1)+Bn
T a(n+1)
_(A+Bpn+A
 nln+1)

In order for the LHS and RHS to be the same, we need to impose
(A+Bn+A=1,
which holds if and only if
A+B=1, A=1 Ed A=1, B=-1.

Therefore, we conclude that
1 1 1

n(n+1):n n+1’

We can now compute the partial sums s; as follows:

k
1
k_nz:;n(n+1)
65
s\n n+1
1 1 1 1 1 1 1 1
e i T
1 2 2 3 3 4 k k+1
I
+1
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Therefore,
. . 1
lim s = lim (1——): 1,
k—o0 k—co k+1
which means that the series converges to 1, that is,

o0

1
Z:n(n-l-l):1

n=1

A series of this kind is called a telescopic series, since we can fold the entire partial sum
together, in such a way that only two terms remain.

Let us go back to the series considered in (8.1).
Example 8.5

Question. Prove that the following series diverges

PACVE
n=1
Solution. The partial sums s are given by

k . .
-1 if n isodd
=, (-1)" = o
= 0 if n is even.

Therefore s, diverges, so also the series >,(—1)" diverges.

J

In general, it is a difficult taks to compute the exact sum of a series. Therefore, we will mainly focus
our effort on determining whether a series converges or not.

The following Theorem shows that if the terms in the sequence do not converge to 0, then the series

cannot converge.

Theorem 8.6: Necessary Condition for Convergence

Let (a,) be a sequence in C. If the series
D,
n=1

converges, then
lim a, =0
n .

n—oo

244



Numbers Sequences and Series Dr. Silvio Fanzon - S.Fanzon@hull.ac.uk

Proof

Suppose that
24
n=1

converges. By definition of convergent series there exists some s € C such that

k—o0

k
lim s =]}EEOZan =s.
n=1
Then also
lim sp_{ =s.
Koo k—1
Hence, by the Algebra of Limits in C, we have that

lim (s —sp_1) = lim s — lim s_; =s—s=0.
k—o00 k—oc0 k—o0

Noting that
Sk —Sp—1 =a., VkeNN,
we obtain
lim ap = lim (s —sx_1) =0.
k—oc0 k—o00
Important
Theorem 8.6 is saying that, if
lim a, # 0,
n—oo
then the series
(o]
D,
n=1
does not converge.
Example 8.7
Consider the series
[s]
> o (8.2)
n=1
We have that
lim g, = lim (-1)" # 0,
n—oo n—oo

245



Numbers Sequences and Series Dr. Silvio Fanzon - S.Fanzon@hull.ac.uk

being (a,) divergent. Therefore the series at (8.2) diverges by Theorem 8.6.

Example 8.8

Question. Discuss converge/divergence for the following series

Solution. We have

Hence, the series Y, a, diverges.

Important

Theorem 8.6 says that if Z:o:l ay, converges, then
a, > 0.

The converse is false: In general the condition a, — 0 does not guarantee convergence of the
associated series, as shown in the example below.

Example 8.9

Question. Discuss convergence/divergence for the following series

- 1
ap, Gy = ——.
n; v n+1+44n
Solution. By the Algebra of Limits we have

lim a, =0.
n—oo

Therefore, we cannot conclude anything yet: The series might converge or diverge. Let us
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compute the partial sums:

k
Sk:Z

1
n:l\'k+1+\/%
:zk: 1 Vk+1-4k
Skri+vk Jkri-k
k
=2Jm—&
n=1
=V2-V1+V3-V2+..+Vk+1-k
=vk+1-1.

We have shown that the partial sums are

sk—Zan— +1-1.

Therefore (s) is divergent, and so the series Y. a, is divergent.

Remark 8.10
It is customary to sum a series starting at n = 1. However one could start the sum atanyn = N

with N € IN. This does not affect the convergence of the series, in the sense that

Zan converges < Z a, converges.
n=1 n=N

In case of convergence, we would of course have

Zan=2an—(a1+...+aN_1).

Example 8.11

Question. Prove that
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Solution. We have seen that

(<]

1 p—
Zn(rﬁ—l)_1

n=1
Hence also the series
o0
Z 1
ion(n+1)

converges. In this case, the partial sums are given by

k
1
Sp = _

,;n(nﬂ—l)
_i(l_ L)

i \n n+1
11,11, 11

7 8 8 9 k k+1
1 1

7 k+1

Therefore

8.2 Geometric series

Definition 8.12: Geometric Series in C

Let x € C. The geometric series of ratio x is the series

J

Geometric series are one of the few types of series that can be explicitly computed, as stated in the

following theorem.
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Theorem 8.13: Geometric Series Test
Let x € C. We have:

1. If |x| < 1, then the geometric series of ratio x converges, with

Zx": 1 . (8.3)

2. If |x| > 1, then the geometric series of ratio x diverges.

Important

Recall that the Geometric Sequence Test does not cover the case |x| = 1, since in general the
sequence
a, = x"

could be convergent or divergent. However, the Geometric Series Test does cover the case
|x| = 1, in which case

(o)
>,
n=0
diverges.
Proof

Part 1. Suppose that |x| < 1. Let us compute the partial sums:

k
SkZZ n
n=0
k
:Z n 1—x
n=0 l-x
k
_an_anrl
n=0 I-x
1-x x—x° K — xH
= ot —
1—x 1—x 1—x
_l_xk+1
1—x
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We have therefore shown that

k+1

k
skZZx":%, vk eN. (8.4)
n=0 x

Notice that (8.4) could have also been proven by induction:

1. Base case: For k = 0, we get that

showing that (8.4) holds.

2. Induction step: Let k € N u {0} and suppose that

o = 1— xk+1
k 1—x
Then,

k+1

Sk+1 =S+ X

l—xk“
=— +x
1—x
l_xk+1 +(1_x)xk+1
1—x

1— xk+1 + xk+1 _ xk+2

k+1

1-—x
l_xk+2

1—x

concluding the proof of the inductive step.

By the Principle of Induction, formula (8.4) holds for all k € IN. Since |x| < 1, by the Geometric
Sequence Test we infer

lim xf=0.
k—oc0
Hence
(o)
Z x" = lim s
n=0 k—co
= lim
k—o0 1—x
. 1—x- xk
= lim
k—oo 1—x
1
1—x’
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where the last equality follows from the Algebra of Limits.
Part 2. Suppose |x| > 1. Then
lim x" #0. (8.5)

n—o0

Indeed, suppose by contradiction that x,, — 0. Hence, for ¢ = 1/2, there exists N € N such that
n 1
[x" —0| < &= 2 vn>N.

However
X" =0l =|x"| = |x[">1,

which yields
1
1<e=—,
2

contradiction. Then (8.5) holds and the series

diverges by the Necessary Condition in Theorem 8.6.
Let us apply the Geometric Series Test of Theorem 8.13 to some examples.
Example 8.14

Question. Discuss convergence/divergence of the following series. If the series converges,
compute the limit.

n=0 n=0
>3 S

Solution.

1. Since ‘%‘ < 1, by the GST we have
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. -3
2. Since ‘7| =

diverges.

3. Since ‘_73| ==

4. Since | — 1| = 1, the series

diverges.

> 1, by the GST the series

< 1, we have

Remark 8.15

If the sum of a Geometric Sries does not start at n = 0, we need to tweak the summation formula
at (8.3). For example, if |x| < 1, and we start the series at n = 1, we get

Example 8.16

Question. Prove that

Solution. We have that
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The Geometric Series Test of Theorem 8.13 can be applied to complex geometric series as well.
Example 8.17

Question. Discuss convergence/divergence of the following series. If the series converges,
compute the limit.

i 1 i(l—Si)" i(zﬂ')”
S+ S\3+3i) T AN\3-2i)
Solution.
1. We have
= ()
1+ 1+i
and
1| 1 _ 1
il Jpepe v

Therefore, the series converges by the Geometric Series Test, and

- 1 1
= =1-i.
,;)(1+l)n I—L
1+
2. Since
|1—5i |1 - 5i]
3+3il |3+ 3

V@2 + (5
312 + 12

26

3V2

J13

=—>1,
3

the series diverges by the Geometric Series Test.

3. We have

2+
T3 —2i]

_ 22412
V32 + (-2)?
\/?

== <1

13
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Therefore the series converges by the Geometric Series Test, and
i ( 2+i )” 1
Z\3—2i 1— 2+i

3-2i
_ 1
3-2i—(2+1)
3-2i
32
1-3i
320143
1-3i 1+3i
3 —2i+9i— 6i
1—9i
9 7 .
==+ =i
10 10

8.3 Algebra of Limits for Series

We have proven the Algebra of Limit Theorem for sequences in C. A similar results holds for series
as well.

Theorem 8.18: Algebra of Limits for Series

Let (a,),en and (by)pen be sequences in € and let ¢ € C. Suppose that

ianza, ibn:b.
n=1 n=1

Then:

1. The sum of series is the series of the sums:
(o)
Z(anibn):aib.
n=1

2. The product of a series with a number obeys

(o]
Zc~an=c-a.
n=1
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Proof

Part 1. We prove the formula with the + sign, since in the other case the proof is the same. To
this end, define the partial sums

k k k
Sk::zan’ tk:Zan, Vk::Z(an+bn)'
n=1 n=1 n=1

We can write

k
Vk = Z (an + by)
n=1

=(a;+b)+ ...+ (a +b)
=(@+..+aq)+ 0B +...+b)
=S +i.

By assumption s — a and t; — b. Hence, by the Algebra of Limits in C, we infer
(a, +by) = lim v
n=1 k=>es
= klim (s + )
=1li + lim ¢
Jim, o+ it
=a+b.

Part 2. Denote the partial sums by

k k
sk::Zan, tk::Zc~an.
n=1 n=1

We can write

k
tk=ZC'ak
n=1

=caqy+c-ap+..+c-a
=c(q+a+..+aq)=
=C-S.

By assumption s; — a, so that the Algebra of Limits in C allows to conclude
[o9]
Z c-a, = lim t
n=1 koo
= lim c-§
k—o0 k
=c-a.
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Let us apply the Algebra of Limits for Series to a concrete example.
Example 8.19

Question. Prove that

Solution. Note that

n=0 1—-—
3
> (%)
S -5,
n=0 3 1-— g
3
by the Geometric Series Test. Therefore, we can apply the Algebra of Limit for Series to conclude
that
o0 1 n 2 n o0 1 o0
() +(3)) == 56+ 3 63)
—2.343=¢
2
Important

The Algebra of Limits Theorem 8.18 does not discuss product and quotient of series. The situa-
tion becomes more complicated in this case: Indeed, we have

(al + (12) . ((12 + bz) = albl + azbz + albz + azbl .

Therefore, in general, we can expect

(i an> : (i b,l> * i ap - by, . (8.6)
n=0 n=0 n=0

() (2

is through the so-called Cauchy Product of two series. We do not cover the latter, and the
interested reader can refer to Page 82 in [1].

A way to compute
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Similarly, we expect that

X

=Ly ‘b’—" . (8.7)
b n=0 "n

nz::,) .

Let us give two examples to show that formulas (8.6) and (8.7) hold.

Example 8.20

1. We know that

i (%)n _ ;1 _2. (8.8)

Therefore . nzi . 1_j
(SO} (Z0))-2-a
T Sy £ -2
B G
2. Using (8.8) we have N
56,
Sy

On the other hand u
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which does not converge by the Necessary Condition, since 1 does not converge to 0.
Therefore

8.4 Non-negative series

We now investigate series of which all terms are non-negative. To be precise:

Definition 8.21: Non-negative series

Let (a,) be a sequence in R. We call the series

(o]
D,
n=1

a non-negative series if

a, >0, vnelN.

The key remark for non-negative series is that the partial sums are increasing.

Lemma 8.22

Let (a,) be a sequence in R with

Define the partial sums as

The sequence (s) is increasing.
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Proof

For all kK € N we have
k+1

Sk+1 = D, 0n = Sk + A1 2 Sk
n=1

where we used that g ; > 0. Therefore (s;) is increasing.

Therefore, if we have a series with non-negative terms
(o)
D
n=1

there are only 2 options:

o0
1 ).,—; Gy converges,
oo .
2. ).,—1 Gy diverges to +oo.

This is because the partial sums (s ) are increasing. Therefore we have either:

1. (s;) is bounded above: Then s converges by the Monotone Convergence Theorem
2. (st) is not bounded above: Therefore s, diverges to +co.

We present 4 test for the convergence of non-negative series:

1. Cauchy Condensation Test

2. Comparison Test

3. Limit Comparison Test

4. Ratio Test (positive series only)

8.4.1 Cauchy Condensation Test

Let us start with the study of the two non-negative series:

NgE
NgE
S =

1
n?’

3
Il
—_
3
Il
—_

Question 8.23

Do the above series converge or diverge?

Answer: the first series converges, while the second diverges. We prove it in the next two theo-
rems.
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Theorem 8.24

The following series converges

Me
Bl=

3
1l
—

Proof

For k € IN define the sequence of partial sums

nzln
Note that
g=1+—+14+1y 41
k 2232 42 7 g2
2.2 3.3 4-4 k-k
2.1 3-2 43 7 k-(k—-1)
(- ) D)
2 3 3 4 o \k-1 Kk
=1+1--
1
=2_=
k
<2,

showing that s; is bounded above. Recall that s is increasing, by Lemma 8.22. Therefore, by
the Monotone Convergence Theorem, we conclude that s, converges. Hence the series

L
2

NgE

1n

n

is convergent.

Theorem 8.25: Harmonic series

The harmonic series

Nk
SRS

3
Il
—_

is divergent.
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Proof

For k € IN define the sequence of partial sums

Note that

while

Similarly

k
Sk::Z

S I

1
So =14+ —
2 2
1 (1 1)
34:1+—+ -+ -
2 3 4
1 (1 1)
>1+=-+(-+-
2 4 4
1+l+z(l)
2 4
S
2 2
(1)
2

1 (1 1) (1 1.1 1)
sg=1+-+(-+=)+(=+=+=+=
2 3 4 5 6 7 8
1 (1 1) (1 1.1 1)
S1+-+(-+=)+(c+=+=>+=
2 4 4 8§ 8 & 8
=142 +2(5)+4(3)
2 4 8
1,1, 1
=1+-+-+=
2 2 2
=1+3(3)
2
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Proceeding in a similar way, for k € IN we have

1, (1, 1 11
32k=1+—+<—+—>+(—+—+
2 3 4 5 6

1

7

+...+<;+...+i>
2k=1 41 2k

1

8

Hence 1
Sok >1+k<5> , VkeN,

showing that s, is unbounded. Therefore s; is unbounded, and s; does not converge. We
conclude that the series

(S

n=1

S =

is divergent.

The proofs of the above theorems inspire the Cauchy Condensation Test.

Theorem 8.26: Cauchy Condensation Test

Let (a,) be a sequence in R. Suppose that (a,) is non-negative and decreasing, that is,
ay 2> apy1, VneN.

They are equivalent:

1. The following series converges
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2. The following series converges

o
Z 2”a2n =a + 2a2 + 8(18 + 166116 + ...
n=0

Proof

For k € IN denote the partial sums by

k k
sk::Zan, tk::ZZ”azn.
n=1 n=0

Since a,, > 0, it is immediate to check that the sequences (s;) and (#) are increasing.
Part 1. Assume that the series

o0

Z 2”a2n

n=0

diverges. Hence the sequence () diverges and therefore (#) is not bounded above.

Indeed, suppose () was bounded above. Since (#) is increasing, we would con-
clude that () is convergent by the Monotone Convergence Theorem. Contradic-
tion.

We want to estimate s, from below. To this end, we notice that

So = adq +(12

vV

- + as

= (ay + 2ap)
=,
o4

where we used that a,, > 0, and so a; > a; /2. Moreover

S4 = q +a2+(a3+a4)
2a1+a2+(a4+a4)
=ay +ay+2ay

[\

1
Ea1+az+2a4

1
E ((,11 + 2(,12 + 4(,14)

1
22
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where we used also that (a,) is decreasing. Similar reasoning yields

38=a1+a2+(a3+a4)+(a5+a6+a7+a8)
2a1 +a2+(a4+a4)+(a8+a8+a8+ag)
=a1+a2+2a4+4a8

1
25(11"1‘6124‘2044—4(18

1
5 ((11 + 202 + 4614 + 8618)
1
==13.
5 3

where again we used that (a,) is decreasing, and a,, > 0. Iterating, we obtain that for all k € N
it holds:

Sok = a1 + ap + (as + ag) + (as + ag + a7 + ag)

+ o+ (Aget + o+ age)
>a; +ay+ (ag +ay)+ (ag + ag + ag + ag)

+ ot (agk + .+ ag)

ay +ay + 2a4 + dag + ... + 26" lay

\V2

1 _
5 @1+ ag + 204 + dag +o 4+ 2K gy

1
5 (a1 + 20, + 4ay + 8ag + ... + 2¥ay)

1 I .

2

We have shown that

Sok > %tk, vk eN.

Since (%) is not bounded above, we infer that (s,«) is not bounded above. In particular (s;) is
not bounded, and hence divergent. Thus the series

(o8]
D,
n=1

diverges.
Partz. Suppose that the series

=)
Z znazn
n=0

converges. Hence the sequence (f;.) converges, and therefore () is bounded. This means that
there exists M > 0 such that
el <M, VnelN.
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Since ;. > 0, the above reads
<M, VnelN.

Fix k € IN and let m € IN be such that
k<omtl—q.

In this way
Sk S 32m+1_1 .

We have

Symri_q = ay + (ag + az) + (a4 + a5 + ag + a;)
+ ..+ (agm + ... + agme1_q)
Sal +(a2+a2)+(a4+a4+a4+a4)
+ ...+ (agm + ... + agm)
=ay+2a; +4a4+ ...+ 2Maym
[
where we used that (a,) is decreasing. We have then shown
Sk S S2m+1_1 S tm S M.
Since M does not depend on k, we conclude that

s <M, VkeN.

As s > 0, we conclude that s is bounded. Recalling that (s;) is increasing, by the Monotone
Convergence Theorem we infer that (s) converges. This proves that the series

2,
n=1
is convergent, ending the proof.
Thanks to the Cauchy Condensation Test of Theorem 8.26 we can prove the following result.
Theorem 8.27: Convergence of p-series
Let p € R. Consider the p-series
3L
n=1 nb

We have:
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1. If p > 1 the p-series converges.

2. If p < 1 the p-series diverges.

Proof
The series in question is

oo

S i
n> (R

n=1 nb

Note that (a,) is decreasing and non-negative. Hence, by the Cauchy Condensation Test of
Theorem 8.26, the p-series converges if and only if

(o]
Z 2”a2n
n=0

converges. We have
(oY) (o)

i 2ay = Y 2V = N (217Py,
n=0

n=0 n=0

and the latter is a Geometric Series of ratio
x =277,
By the Geometric Series Test, we have convergence if and only if
Xl <1,
which is equivalent to

2P <1=2" = 1-p<o0
= p>1.

Therefore
L
n=1 nb
converges if and only if p > 1, ending the proof.

The following is another notable application of the Cauchy Condensation Test.
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Theorem 8.28

Let p € R. Consider the series

o0

1
n=2 n(log n)p .
We have:

1. If p > 1 the series converges.

2. If p < 1 the series diverges.

Proof

The series in question is

(o]

. 1
S
n=2

- n(log n)f .

Note that (a,) is non-negative and decreasing. Therefore we can apply the Cauchy Condensa-
tion Test to conclude that the above series is convergent if and only if the series

=)
Z 2na2n
n=1

is convergent. We have
1 1

21 (log2m)?  nP log2

Z"azn =2"

so that

(o]

d 1 1
;Z"azn = logz ’;n—p

The latter is a p-series, which by Theorem 8.27 converges if and only if p > 1. Hence

[ee]

1
n=2 n(log n)P

converges if and only if p > 1, and the proof is concluded.

8.4.2 Comparison Test

Another really useful result to study the convergence of non-negative series is the Comparison
Test.
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Theorem 8.29: Comparison test

Let (a,)pen and (by,),en be non-negative sequences. Suppose that there exists N € N such that
a, <b,, VYn>N.
They hold:
i b, converges = i a, converges,
n=1 n=1
i a, diverges = i b, diverges.
n=1 n=1

Proof
Part 1. Define the partial sums starting atn = N

Sk = Zak, 72

»
Il

S

M-
5

n=N
Suppose that
(S
Db
n=1
converges. Hence also the series
(&)
2 b
n=N

converges. Then (#.) is a convergent sequence, which implies that (#) is bounded, and hence

bounded above. Moreover, by assumption
Sk =an tany1 +... +ag

<Oy +bnir+ .+ by
:tk’

which reads
sk <t, Vk>=N.

Therefore (s;) is bounded above, being () bounded above. Recall that s; is increasing, by
Lemma 8.22. By the Monotone Convergence Theorem we conclude that s is convergent, show-

ing that the series
2, o
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converges. Hence also the series
(o]
2,4
n=1

converges, concluding the proof of Point 1.
Part 2. Note that Point 2 is the contrapositive of Point 1, and hence it holds.

Let us give two applications of the Comparison Test.

Example 8.30

Question. Discuss convergence/divergence of the following series:

8.
Znz+3n—1 ®.9)
o 3"+ 6n+ T

n
Zz—n. (8.10)
n=0

Solution.

1. Since 3n —1 > 0 for alln € IN, we get

— 1 <l wnen,
n’+3n—1" n?
By Theorem 8.27 the p-series

n=1

:ml"

converges. Therefore also the series at (8.9) converges by the Comparison Test in Theo-
rem 8.29.

2. Note that
3" +6n+

n+1 _3" _ (3
on on

Since E‘ = % > 1, the series

diverges by the Geometric Series Test in Theorem 8.13. Therefore, by the Comparison
Test, also the series at (8.10) diverges.
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8.4.3 Limit Comparison Test

To apply the Comparison Test to the series

o0
D s
n=1
one needs to find another sequence (b,) such that

a, <b,, Vvn>N,

or
b,<a,, Vn=N.
This is not always possible. However, one might be able to show that
an

lim — =1L
n—oo n

for some L € R. In this case, the series of (a,) and (b,) can still be compared, in the sense specified

in the Theorem below.
Theorem 8.31: Limit Comparison Test
Let (a,) and (b,) be sequences such that
a, >0, b,>0, vnelN.
Suppose there exists L € R such that

L=1lm —.
n—oo

They hold:

1. If 0 < L < o0, then

(o] (o]
Z a, converges < Z bn converges.
n=1 n=1

2. If L =0, then

oo oo
an converges = Zan converges,
n=1 n=1

Zan diverges — an diverges.
n=1

n=1
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Proof

Part 1. Suppose that 0 < L < 1. Set

Since ¢ > 0 and a, /b, — L, there exists N € N such that

an
— —Ll<e, VYn>N.
by

The above is equivalent to
a
L-e<—=<e+L, ¥n>=N.

Since ¢ = L/2, we get
or equivalently,

We are now ready to prove the main claim:

1. Suppose that

converges. Then also
o0
2, @
n=N
converges, since we are only discarding a finite number of terms. As
L
Ebnga,,, vn>N,

it follows from the Comparison Test in Theorem 8.29 that the series

converges.
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2. Suppose that

converges. Then also

converges. Since

an<%bn, vn>N,
by the Comparison Test we infer that
2, @
n=N

converges. Therefore, also
o0
D
n=1
converges.

Part 2. Suppose that L = 0. Note that the second condition is the contrapositive of the first.
Hence we only need to show that

(<] [se]

an converges = Zan converges.
n=1 n=1

Let ¢ = 1. Since a, /b, — 0, there exists N € IN such that

an
— —0/|<e=1, Vn>N.
by

Therefore
a,<b,, Vvn=N.

The thesis follows immediately by the Comparison Test in Theorem 8.29.
Important
It might happen that

. an
lim — =0,
n—oo
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In this case, we can still apply the Limit Comparison Test to the series

- 1
25

since in this case !
. n

lim —=0.
n—oo an

Let us give a few applications of the Limit Comparison Tets.
Example 8.32
Question. Prove that the following series converges

i2n3+5n+1
b+ om+5

Solution. Set
. 2 +5n+1 1
" né +2n+5 " nd’

We have

. 2 +5n+1
lim ——— / —
n—co 7p6 4 2n 45

2n® + 5n* +n3

m
n—>e 7n6 4+ 2n 45

5 1

24+ =+ =
=1imﬂ=2
-

7+ 242
nS nd

The series
1
3
in

NgE

n

converges, being a p-series with p =3 > 1. Since L = % > 0, also the series

i2n3+5n+1
=7+ 2n+5

converges, by the Limit Comparison Test.
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Example 8.33

Question. Prove that the following series diverges
i n + cos(n)
> .
n=1 n

Solution. Since sin(n) is bounded, we expect the terms in the series to behave like 1/n for large
n. Hence we set

n + cos(n) 1
a4 1= ——, b,=-=.
n n
We compute
a n+ cos(n
bn n—oo n n
_ n®+ncos(n)
= lim ——=
n—oo n2
cos(n
= lim (1 + ( ))
n—oo n
Note that
cos(n
—-1<cos(n) <1 = —lg ()Sl.
n n n

As both —% — 0 and % — 0, by the Squeeze Theorem

cos(n)

n

Hence

L= lim (1 + COS(")> =1.

n—oo n

The harmonic series Y, % diverges. Since L = 1 > 0, the series
i n + cos(n)
—
n=1 n

diverges by the Limit Comparison Test.
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Example 8.34

Question. Prove that the following series converges
S 1

Z (1 — cos (—)) .
n=1 n

1
cos(—) <1,
n

the above is a non-negative series. Recall the limit

Solution. Since

1—cos(a,) 1

lim -

e (@R 2
where (a,) is a sequence in R such that g, — 0 and
a,#0 VnelN.

In particular, for a, = 1/n, we obtain

lim n? (1 — cos <l>> = 1
n—o0 n 2
Set . .
b,,::l—cos(—) G i =
n n
We have "
L := lim = = lim n? (l—cos(l)) = l
n—oo ¢, n—oo n 2

Note that the series Z;ozl niz converges, being a p-series with p > 2. Therefore, since L = 1/2 >

0, also the series
E (1 — COS (l»
n=1 n

converges, by the Limit Comparison Test.

Sometimes the Limit Comparison Test fails, but the Comparison Test works.

Example 8.35

Question. Prove that the following series converges

(o]

Z 1 + sin(n) .

n=1 n2
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Solution. Since
sin(n) > -1,

the above is a non-negative series. As sin(n) is bounded, the series behaves similarly to
()
¥ 1
5 -
n=1"
However
1+ sin(n 1 .
%/—2 =1+ sin(n)
n n

does not converge. Hence, we cannot use the Limit Comparison Test. In alternative, we note
that )
1 + sin(n)

3 <

2
—, VneN.
n n?
The series
(o)
Yy
2
n=1"1
converges, being a p-series with p = 2 > 1. Therefore also
i 1 + sin(n)
n2

n=1

converges, by the Comparison Test of Theorem 8.29.

8.4.4 Ratio Test for positive series

The Ratio Test can be generalized to series. Notice that in this case the terms of the series need to
be positive.

Theorem 8.36: Ratio Test for positive series

Let (a,) be a sequence in R such that
a, >0, vnelN.

1. Suppose that the following limit exists:

. On+1
L := lim =2

n—0o0 an

They hold:
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« If L < 1then Y, | a, converges.
« If L > 1then Y, a, diverges.

2. Suppose that there exists N € N and L > 1 such that

An+1
an

>L, vn>N.

Then the series Z;ozl ay, diverges.

Proof

Part 1. Let a
L:= lim 2.
n—oo an
« Suppose that L < 1. Therefore there exists r such that
L<r<1.

Define
e:=r—1L,

so that ¢ > 0. By the convergence a,,/a, — L there exists N € IN such that

a
o <e=r—-L, Vn>N.
an
In particular
a
™l _L<r-L, VYn>N,
an

which implies
ap+1 <ra,, VYn>N.
Applying n — N times the above estimate we get
0<a,<ra, ;<..<r"Nay, vn>N. (8.11)
Note that the series of N ay converges, since
0
r”_NaN:aNZrkzaN ! ,
=0 1-r
k

ok

where the last equality follows because Z;ozo r* is a geometric series and 0 < r < 1. Since
(8.11) holds, by the Comparison Test in Theorem 8.29 we conclude that the series
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converges. Therefore also the series
(o8]
2, an
n=1
converges, ending the proof in the case L < 1.

«+ Suppose L > 1: Then, by the Ratio Test for sequences, it follows that a, diverges. There-
fore
lim a, #0,

n—oo

and the series Z:,ozl diverges by the Necessary Condition, see Theorem 8.6.

Part 2. Suppose there exists L > 1 and N € N such that

Gn+1
an

>L, vn>N.

By the Ratio Test for sequences it follows that a, diverges. Therefore Z:ozl diverges by the
Necessary Condition.

Example 8.37

Question. Discuss convergence/divergence of the following series

- _ ()
nz::la,,, a, = )l

Solution. We compute

lim g (n+ D> /[ (n)?
oo ap ase 2t 1))/ (2n)!
(n+ 1)

=lim —————
n—oo (2n+ 2)(2n + 1)

Since L = 1/4 < 1, by the Ratio Test we conclude that )’ a, converges.
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Important

Like with the Ratio Test for sequences, the case L = 1 is not covered by Theorem 8.36. This is
because, in this case, the series
(S
2.4
n=1

might be convergent or divergent, as shown in the next example.

Example 8.38

1. Consider the series

Setting a,, = 1/n, we have

Il
TE
58
3
4+ [ =
—_-
S |

Therefore L = 1 and we cannot apply the Ratio Test. However the series in question
diverges, being the harmonic series.

2. Consider the series

Setting a, = 1/n?, we have

An+1

L = lim
n—oo g,

lim —— /L
n—c (n+1)2/ n?

2

= lim —— =
n—cn2 +2n+1

Therefore L = 1 and we cannot apply the Ratio Test. However the series in question
diverges, being a p-series with p =2 > 1.

J

The Ratio Test can often be combined with other convergence tests, as seen in the following exam-
ple.
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Example 8.39

series converges

i log(n)
n=1 n2

if and only if ) 2"ayn converges. We have:

Y. a, converges by the Cauchy Condensation Test.

Question. Using the Cauchy Condensation Test and the Ratio Test, prove that the following

Solution. Set a, = logn/n?. By the Cauchy Condensation Test, we know that Y a, converges

(o] [se] 1 zn
> 2Mag =) 2" og 2)
n=0 n=0 (Zn)
- n
= log(2) Z on
n=0
- n
~log® Vb, b=
n=0
Apply the Ratio Test to the series Y, b,
bn+1:n+1 l:n+1_)l<1.
b, ontl /[ an T on 2

Therefore, ), b, converges by the Ratio Test, so that also ), 2"ayn converges. We conclude that

8.5 General series

In the previous section we presented several tests for

non-negative series. For non-negative series

we showed that the partial sums (s;) are increasing, see Lemma 8.22. This makes non-negative terms

series relatively easy to study.

When a series contains both positive and negative terms, the partial sums (s;) might oscillate, making
the series harder to study. In this section we present some tests for general series in C.

8.5.1 Absolute Convergence Test

To study general series, we introduce a stronger notions of convergence, known as absolute con-

vergence.
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Definition 8.40: Absolute convergence

Let (a,) be a sequence in C. The series Y. a, is said to converge absolutely if the following
non-negative series converges

oo

Z || -

n=1

Let us show that absolute convergence implies convergence.

Theorem 8.41: Absolute Convergence Test

Let (a,) be a sequence in C. If the series 2:’:1 a, converge absolutely, then the series converges.

Before proceeding with the proof, we introduce some notation.
Notation 8.42: Positive and negative part

For a number x € R, we define

+\x if x>0 = if x<0

xT = } X" = )
0 ifx<0 0 if x>0
These are called the positive part and negative part of x, respectively. Note that
xF>0, x >0.

Moreover they hold
x=x"—x", |x|=xT+x".

The above relations are easy to check, and the proof is omitted. In particular, it holds that

xt<|x|, x" <lx|.

Proof: Proof of Theorem 8.41

Part 1. Suppose first that (a,) is a sequence in R such that

M

|an

S
I
—

converges. Since
0<ay <la,|, VneN,

we can use the Comparison Test for non-negative series (Theorem 8.29) and conclude that the
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series

converges. Similarly, we have
0<a, <l|a,|, vneN.
Therefore also the series
[e+]
2
n=1
converges by the Comparison Test. Since
ot
a,=a, —a,, VYneNN,

we can use the Algebra of Limits for series (Theorem 8.18) to conclude that

(o] (o) (&) oo

— + -\ — + —
2= (e —an) = 30— D
n=1 n=1 n=1 n=1

converges.
Part 2. Suppose now that (a,) is a sequence in C such that

(&9
Y lal
n=1
converges. Let x;, y,, € R denote the real and imaginary part of a,,. Therefore

ol = Vo <52 +32 =], vneN.
o0
> Il
n=1

converges by the Comparison Test for non-negative series (Theorem 8.29). Since (x;,) is a real
sequence, from Part 1 of the proof we have that the series

o0
DI
n=1

converges. Arguing in the same way for the imaginary part y, we conclude that also

>
n=1

Therefore the series
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converges. Finally, by the Algebra of Limits in C, we get

o0 o0 [se] (]

Zan = Z(xn""iYn): an+izyn’

n=1 n=1 n=1 n=1
proving that 3> | a, converges.

Example 8.43

Question. Discuss absolute convergence of the series

Z(—l) .

n=1

Solution. The series does not converge absolutely, since

- 1| w1
SV RN
nZ:;‘ n nZ::ln

does not converge, being the harmonic series.

Example 8.44

Question. Prove that the following series converges

2_s5p42

Y Gy = (1R
n=1

Solution. We have

for n sufficiently large (e.g. n > 10). Note that

n2+5n+2/1 _n4+5n3—i-2n2

4 2 4

n n n

1+§+£—>1
n  n?

The series Y, 1/n® converges, being a p-series with p = 2. Hence, also

X2

Zn +5n+2
4

n=1 n
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converges, by the Limit Comparison Test for non-negative series (Theorem 8.31). This shows
Y |a,| converges, which means that Y’ a, converges absolutely. In particular, Y, a, converges by
the Absolute Convergence Test.

8.5.2 Ratio Test for general series

As an application of the Absolute Convergence Test, we obtain the Ratio Test for general series.

Theorem 8.45: Ratio Test for general series

Let (a,) be a sequence in C, such that
a, #0 VnelN.
1. Suppose that the following limit exists:

An+1

an

L := lim

n—o0

They hold:

« If L <1 then 220:1 a, converges absolutely, and hence converges.

« If L > 1then Y, a, diverges.
2. Suppose that there exists N € N and L > 1 such that

An+1

>L, vn>N.

ap

Then the series Z;ozl a, diverges.

Proof
Part 1. Let
by = lay| .
so that
L= tim || = gy 2
n—oo| a, n—co b,

« Suppose that L < 1. Since (b,) is a sequence with non-negative terms, we have that
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converges by the Ratio Test for non-negative series, see Theorem 8.36. Since, by definition

(o]
Z |ay|

||M8

also the latter series converges, i.e., 220:1 a, converges absolutely. In particular 2:;1 ay
converges, by the Absolute Convergence Test in Theorem 8.41.

« Suppose that L > 1. Then the sequence (a,) diverges by the Ratio Test for sequences.
Hence the series
D,
n=1

diverges by the Necessary Condition in Theorem 8.6.

Part 2. If there exists N € IN and L > 1 such that

An+1
an

>L, Vn>N,

then the sequence (a,) diverges by the Ratio Test for sequences, and we conclude as above.

Example 8.46
Question. Prove that the series converges

i (43"
a,, a,=———.
= " " (n+1)!

Solution. We have

. an+1
L:= lim |2

n—oo

ap
4-3)"t  [f(4-3)"
oo (n+D)+1/) (n+1)

= lim =0.

n—ocon + 2

As L = 0 < 1, we conclude that Y, a, converges absolutely, by the Ratio Test. Hence, ), a,
converges by the Absolute Convergence Test.
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8.5.3 Exponential function and Euler’s Number

We have already encountered the exponential function in the Euler’s identity
e = cos(0) +isin(0), O€R.

We have also defined the exponential of z = a +ib € C as

We have also anticipated that
o0 Zn
e = Z =.
n=0 n!

Using the Ratio Test for general series, we can give a precise meaning to the above expression. We
start by studying convergence of the exponential series.

Theorem 8.47: Exponential series
Let z € C. The exponential series
(o] Zn

converges absolutely.

Proof

Set a, = z"/n!. Then

Il
=

Il
5.

Therefore the series converges absolutely by the Ratio Test in Theorem 8.45.

Definition 8.48: Exponential function

Define the exponential function

X _n
exp: C—>C, exp(z):= Zz—'
n=0 "
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for z € C. We denote

Remark 8.49

1. Using the definition of e*, one can show that

eZ+W — eZeW , (eZ)W — eZW ,

for all z,w € C.

2. This way, we see that the new definition of exponential agrees with the old one:

b

z _ patib _ pa b

e
3. We had also defined
n
omim (141)"

n—oo n

Using the binomial theorem one can prove that

n [s+]
tim (1+) = -

n—>c0 n “inl

8.5.4 Conditional convergence

Some series do not converge absolutely, but still converge. Such series are said to converge condi-
tionally.

Definition 8.50: Conditional convergence

Let (a,) be a sequence in C. We say that the series
[o9]
D,
n=1

converges conditionally if it converges, but it does not converge absolutely.

J

In practice, conditional convergence means that the convergence of the series depends on the or-
der in which we perform the summation. Changing the order of summation of a series is called

rearrangement.
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Definition 8.51: Rearrangement of a series

Let (a,) be a sequence in C. Then:

1. A permutation is a bijection o : IN — IN.
2. A rearrangement of the series ),_; a, is a series

Z 4o (n)
n=1

for some permutation o.

J

If a series of complex numebers converges absolutely, then all its rearrangements converge to the
same limit.

Theorem 8.52
Let (a,) be a sequence in C such that

o0
D lal
n=1

converges. For any permutation ¢ we have

. o) = D, -
n=1 n=1

J

For a proof, see Theorem 3.55 in [3]. A very surprising result is the following: If a series of real num-
bers converges conditionally, then the series can be rearranged to converge to any real number.

Theorem 8.53: Riemann rearrangement Theorem

Let (a,) be a real sequence such that the series

(o]

2,

n=1
converges conditionally. Let

LeR or L =400,

There exists a permutation o such that the corresponding rearrangement 2:;1 ag(n) CONVErges
conditionally to L, that is,

Z As(n) = L.
n=1
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For a proof, we refer the reader to Theorem 3.54 in [3].
In simpler terms, the last two Theorems are saying that:
1. If a series converges absolutely, then all the rearrangements converge to the same number:
+ Absolute convergence = Commutativity holds for infinite sums

2. If a series converges conditionally, then we can rearrange the terms to converge to any real
number, or even diverge:

» Conditional convergence = Commutativity does not hold for infinite sums

8.5.5 Dirichlet and Alternating Series Tests

There are very few conditional convergence tests available. We present the Dirichlet Test and the
Alternating Series Test.

Theorem 8.54: Dirichlet Test

Let (c,) be a sequence in C and (g,) a sequence in R. Suppose that
* gy is decreasing,
. qn Ed 0’

e q,>0foralln e N.
« Suppose there exists M > 0 such that

Y| <M, VkeN.
n=1
Then the following series converges
> Cuthn
n=1
Proof
Define the partial sums
k
Sp 1= ¢, VkeNN.
n=1
By assumption it holds
Isel <M, VkeN. (8.12)
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Note that
1=9%
C2=35—"3%5
Cn = Sn = Sn—1
Therefore
k
Z GGk = 191 + C2q2 + -+ GGk
n=1

=s1q1 + (52 —s1)q2 + -+ (5k — Sk—1)qk

=51(q1 — q2) + 52(q2 — q3) + o + Sk—1(Gr—1 — Gic) + Sk Gk
k-1

= (Z Sn(qn - qn+l)) + Skqk
n=1

Since (st) is bounded and g — 0, we conclude that

SkGk — 0.
Further, notice that
9n — 9n+1 >0 5

since g, is decreasing. Therefore, using (8.12), we get

Isallgn — gn+1l = 1521(qn — Gns1)
< M(Qn - Qn+1)

for all n € IN. Note that
k-1

> Mgy — Gue1) = M(q1 — qi0) -

n=1
Since g — 0 as k — oo, we conclude that

[s]

M(gn = Gns1) = Mqy .

n=1

Hence, by the Comparison Test for non-negative series, we infer that

o0
Z In1lgn — Gn+1l-
n=1
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In particular the series
oo

Z $n(qn — Gn+1)

n=1

converges by the Absolute Convergence Test. Since we have shown

n=1

k k—1
Z Cndn = (Z $n(qn — qn+1)) + Skqk
n=1

and s g — 0, we conclude that Z;ozl Cqn converges.

Example 8.55

Question. Let 0 € R, with
0#2kn, VkeZ.
Prove that the below series are conditionally convergent

i ﬂ i cos(6n) i sin(6n) .
n=1 n

n=1 n n=1 n

Solution.
1. Recalling the Euler’s Identity
é? = cos(0) + i sin(6),

we obtain that

o & cos(n@) — sin(nb)

Therefore, the series Y ¢ /n converge conditionally if and only if  cos(On)/n and
Y. sin(An)/n converge conditionally. It is then sufficient to study ¥ ¢ /n.

2. The series Y. ¢ /n does not converge absolutely, since

wezen °°1
S5

n=1 n=1

diverges, being the Harmonic Series.

3. Setc, = ¢ g, = 1/n, so that

25-

|N
"Mz
é":
2
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We have that g, is decreasing, g, — 0 and g, > 0. Let us prove that there exists M > 0
such that
k

Z eiGn

n=1

<M, VkeN. (8.13)

Note that
1-¢é? %0,

since § # 2k for all k € Z. Therefore we can use the Geometric Series (truncated)
summation formula to get

k . k '
Z ez@n — Z(eze)n
n=1 n=1

1 — ¢itk+1)0
=—— 1
1—¢
o0 1—ek0
1—el?
Taking the modulus
Zelan _ 191—€’k9 ~ e 9"1—&“’
_ |1—elk9| IR
l1—ef = 1-¢? 1-éf’

where we used the triangle inequality. Since the RHS does not depend on k, we can set

_2
I1—e?)’

so that (8.13) holds. Therefore, ¥ ¢ /n converges by the Dirichlet Test.

4. We have shown that Y, elon /n converges, but not absolutely. Hence, it converges condi-
tionally.

As a corollary of the Dirichlet Test we obtain the Alternate Convergence Test.
Theorem 8.56: Alternate Convergence Test
Let (g,) be a sequence in R such that

* g, is decreasing,
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* gp — 0,
e gy >0forallnelN.

The following series converges

Z(_l)nqn
n=1

Proof

Define the sequence ¢, := (—1)". Then,
k 0 if k even
Z Cn = .
=~ -1 if k odd
Hence

<1, VkeN.

k
D
n=1

By the Dirichlet Test we have convergence of

Z Cnln = Z(_l)nqn-
n=1 n=1

Example 8.57

Question. Prove that the series converges conditionally
- 1
PGS
n=1 n
Solution. The series does not converge absolutely, since
- 1] w1
Yl =2
n=1 n n=1"
diverges, being the Harmonic Series. Set g, = 1/n, so that
[o9] 1 (o]
D= = (-1)"g,.
n=1 L=

Clearly, g, > 0, g, — 0 and g, is decreasing. Hence, the series converges by the Alternating
Series Test. Thus, the series converges conditionally.
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8.5.6 Abel’s Test

The Abel Test is another test for conditional convergence. It looks similar to the Dirichlet Test,
however notice that the Abel Test only deals with real sequences.

Theorem 8.58: Abel’s Test
Let (a,) and (g,) be sequences in R. Suppose that

* g, is monotone and bounded,
« The series Y, a, converges.

Then the following series converges

(o]
Z ann -
n=1

The proof is similar to the one of the Dirichlet Test. We decided to omit it.

Example 8.59

Question. Prove that the series converges conditionally
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We have seen that g, is monotone increasing and bounded (recall that g, — ¢). Moreover, the

series Yo p=10n CONVerges by the Alternating Series Test, as seen in Example 8.57. Hence the
series Zn 1 4nqy, converges by the Abel Test.

However, the series in question does not converge absolutely. Indeed,

Solution. Set

a, 1=
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since (gy,) is increasing. As the series Y. 2/n diverges, by the Comparison Test we conclude that

also
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diverges. Therefore, the series in the example converges conditionally.
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